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Abstract 



Statistical physics cannot explain why a thermodynamic arrow of time exists, 
unless one postulates very special and unnatural initial conditions. Yet, we argue 
that statistical physics can explain why the thermodynamic arrow of time is uni- 
versal, i.e., why the arrow points in the same direction everywhere. Namely, if 
two subsystems have opposite arrow-directions at a particular time, the interaction 
between them makes the configuration statistically unstable and causes a decay to- 
wards a system with a universal direction of the arrow of time. We present general 
qualitative arguments for that claim and support them by a detailed analysis of a 
toy model based on the baker's map. 
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1 Introduction 

The origin of the arrow of time is one of the greatest unsolved puzzles in physics [H [21 El 
HI |5]. It is well established that most arrows of time can be reduced to the thermodynamic 
arrow, but the origin of the thermodynamic arrow of time remains a mystery. Namely, 
the existence of the thermodynamic arrow of time means that the system is not in the 
state with the highest possible entropy. But this means that the system is not in the 
highest-probable state, which lacks any statistical explanation. The fact that entropy 
increases with time means that the system was in an even less probable state in the past, 
which makes the problem even harder. Of course, the phenomenological fact that entropy 
increases with time can be described by assuming that the universe was in a state with a 
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very low entropy at the beginning, but one cannot explain why the universe started with 
such a very special and unnatural initial condition in the first place. 

Recently, Maccone [6] argued that the problem of the origin of the arrow of time can be 
solved by quantum mechanics. He has shown that in quantum mechanics all phenomena 
which leave a trail behind (and hence can be studied by physics) are those the entropy 
of which increases. (The observer's memory erasing argument and the corresponding 
thought experiments discussed in [6] has also been used previously for a resolution of 
entropy increase and the quantum wave-packet reduction paradoxes EJ [9].) From 
this he argued that the second law of thermodynamics is reduced to a mere tautology, 
suggesting that it solves the problem of the arrow of time in physics. However, several 
weaknesses on specific arguments used in [6] have been reported [10j [TTJ [12] . As a response 
to one of these objections, in a later publication [13] Maccone himself realized that his 
approach does not completely solve the origin of the arrow of time because the quantum 
mechanism he studied also requires highly improbable initial conditions which cannot be 
explained. 

Yet, as Maccone argued in [13J, we believe that some ideas presented in [6] and [13] 
do help to better understand the puzzle of the arrow of time. The purpose of this paper 
is to further develop, refine, clarify, and extend some of the ideas which were presented 
in P [13 E], and also in a somewhat different context in [SI [9l [HI [15l HH HZl [IH] . In 
particular, unlike Maccone in [6j [13], we argue that quantum mechanics is not essential 
at all. Indeed, in this paper we consider only classical statistical mechanics. 

The idea is the following. Even though statistical physics cannot explain why a thermo- 
dynamic arrow of time exists, we argue that at least it can explain why the thermodynamic 
arrow of time is universal, i.e., why the arrow points in the same direction everywhere. 
Namely, if two subsystems have opposite arrow-directions initially, we argue that the in- 
teraction between them makes the configuration statistically unstable and causes a decay 
towards a system with a universal direction of the arrow of time. This, of course, does 
not completely resolve the problem of the origin of the arrow of time. Yet, at least, we 
believe that this alleviates the problem. 

The paper is organized as follows. In the next section we present our main ideas in an 
intuitive non-technical form. After that, in Sec. [3]we study the statistical properties of the 
baker's map (some basic properties of which are presented in the Appendix), which serves 
as a toy model for studying generic features of reversible chaotic Hamiltonian systems. 
As a byproduct, in that section we also clarify the differences between various notions of 
"entropy". Then, in Sec. H]we study the effects of weak interactions between subsystems 
which, without interactions, evolve according to the baker's map. In particular, we explain 
how weak interactions destroy the opposite time arrows of the subsystems, by making 
them much more improbable than without interactions. Finally, in Sec. [5] we present a 
qualitative discussion of our results, including the consistency with strongly-interacting 
systems in which the entropy of a subsystem may decrease with time. 

2 Main ideas 

To avoid ambiguity in further discussions, let us first explain our basic concepts and 
terminology used in the rest of the paper. For that purpose it is useful to visualize time 
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as a continuous 1- dimensional line. The line is coordinatized by a continuous parameter t. 
Such a coordinatization necessarily involves an orientation of the time-line with a direction 
pointing from a smaller to a larger value of t. We can use this orientation to define the 
notions such as "before" and "after" , "past" and "future" , or "initial" and "final" . In this 
paper, unless stated otherwise, by these notions we mean the notions defined with respect 
to this coordinate time t. However, we stress that such an orientation of coordinate time 
is merely a matter of choice and does not have any physical content. In particular, such 
an orientation by itself does not involve any arrow of time. Instead, by an arrow of time 
we mean a physical phenomenon, like a phenomenon that entropy increases or decreases 
with time t. When the arrow of time points in the same direction everywhere along the 
time-line, then the coordinate time can be defined such that the orientation of t coincides 
with the arrow of time. That allows us to abuse the language at some places by arguing 
that entropy "increases" rather than "decreases" with time, but one should have in mind 
that the difference between increase and decrease with time is really a matter of definition. 
In general, the arrow of time and orientation of t are logically independent concepts. 

Now let us discuss the thermodynamic arrow of time. A priori, the probability of 
having a thermodynamic arrow of time is very low. However, our idea is to think in terms 
of conditional probabilities. Given that a thermodynamic arrow exists, what can we, by 
statistical arguments, infer from that? 

To answer that question, let us start from the laws of an underlying microscopic 
theory. We assume that dynamics of microscopic degrees of freedom is described by a set 
of second-order differential equations (with derivatives with respect to time) which are 
invariant under the time inversion t — > —t. Thus, both directions of time have an a priori 
equal roles. To specify a unique solution of the dynamical equations of motion, one also 
needs to choose some "initial" time t on which initial conditions are to be specified. (The 
"initial" time does not necessarily need to be the earliest time at which the universe came 
into the existence. For any to at which the initial conditions are specified, the dynamical 
equations of motion uniquely determine the state of the universe for both t > to and 
t < to-) It is a purely conventional particular instant on time, which may be even in 
the "future". Indeed, in this paper we adopt the "block-universe" picture of the world 
(see, e.g., jH [TTJJ 1201 EE] and references therein), according to which time does not "flow". 
Instead, the universe is a "static" object extended in 4 spacetime dimensions. 

Of course, the a priori probability of small entropy at t is very low. But given that 
entropy at to is small, what is the conditional probability that there is a thermodynamic 
arrow of time? It is, of course, very high. However, given that entropy at to is l° w > 
the most probable option is that entropy increases in both directions with a minimum at 
t . (We present an example in Fig. @]of Sec. 14.41 ) Clearly, in such a case the system is 
symmetric under the inversion (t — to) — > — (t — to). The thermodynamic arrow of time for 
t > to has the opposite direction than that for t < to- Thus, even though neither direction 
of time has a preferred physical role globally, a thermodynamic arrow of time can still be 
assigned locally for various times t ^ t . 

On the other hand, at times at which we make measurements in practice, the entropy 
is indeed low, but entropy does not increase in both directions. Instead, it increases in 
only one direction. (In other words, a typical time to at which we make a measurement 
is not a time at which entropy attains a minimum, which is why nature does not appear 
time- inversion symmetric to us.) This is because, on a typical t , not only the "initial" 
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entropy is specified, but a particular direction of the entropy increase is specified as well. 
At the microscopic level, this is related to the fact that on t one does not only need to 
specify the initial particle positions, but also their initial velocities. 

And now comes the central question of this section. Given that at to the entropy is 
low, why entropy at to increases in the same (say, positive) direction everywhere? Isn't 
it more probable that the direction of entropy-increase varies from point to point at t ? 
If so, then why don't we observe it? In other words, why the arrow of time is universal, 
having the same direction everywhere for a given t ? We refer to this problem as the 
problem of universality of the arrow of time. 

In this paper we argue that this problem can be solved by statistical physics. In 
short, our solution is as follows. If we ignore the interactions between different degrees of 
freedom, then, given that at t the entropy is low, the most probable option is, indeed, 
that the direction of the arrow of time varies from point to point. On the other hand, 
if different degrees of freedom interact with each other, then it is no longer the most 
probable option. Instead, even if the direction of the arrow of time varies from point to 
point at to, the interaction provides a natural mechanism that aligns all time arrows to 
the same direction. 

To illustrate the arrow-of-time dilemma, the thought experiments of Loschmidt (time 
reversal paradox) and Poincare (recurrence theorem) are also often used. The correspond- 
ing paradoxes in classical mechanics are resolved as follows. Classical mechanics allows, at 
least in principle, to exclude any effect of the observer on the observed system. However, 
most realistic systems are chaotic, so a weak perturbation may lead to an exponential 
divergence of trajectories. In addition, there is also a non-negligible interaction. As a 
simple example, consider a gas expanding from a small region of space into a large vol- 
ume. In this entropy-increasing process, the time evolution of macroscopic parameters is 
stable against small external perturbations. On the other hand, if all the velocities are 
reversed, then the gas will end up in the initial small volume, but only in the absence of 
any perturbations. The latter entropy-decreasing process is clearly unstable and a small 
external perturbation would trigger a continuous entropy growth. Thus the entropy in- 
creasing processes are stable, but the decreasing ones are not. A natural consequence is 
that the time arrows (the directions of which are defined by the entropy growth) of both 
the observer and the observed system are aligned to the same direction, because of the 
inevitable non-negligible interaction between them. They can return back to the initial 
state only together (as a whole system) in both Loschmidt and Poincare paradoxes, so 
the observer's memory gets erased in the end. In particular, the observer's memory gets 
erased in the end, because we assume that everything, including the observer's brain, is 
reversed to the state identical to an old state describing the system before the memory has 
been created. During this process the time arrow of the observer points in the backward 
direction, which has two consequences. First, an entropy growth is observed in the whole 
system as well as in its two parts, despite the fact that entropy decreases with coordinate 
time. Second, the memory of the observer is erased not only at the end but also close to 
that point, because the observer does not remember his "past" (defined with respect to 
the coordinate time), but remembers his "future". Of course, the observer himself cannot 
know that the arrow of time has reversed its direction, because he can only observe the 
physical "past" and "future" defined not with respect to the coordinate time, but with 
respect to the direction in which entropy increases. 
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Indeed, it may seem quite plausible that interaction will align all time arrows to the 
same direction. But the problem is - which direction? The forward direction, or the 
backward one? How can any particular direction be preferred, when both directions 
are a priori equally probable? Is the common direction chosen in an effectively random 
manner, such that it cannot be efficiently predicted? Or if there are two subsystems with 
opposite directions of time at t , will the "stronger" subsystem (i.e., the one with a larger 
number of degrees of freedom) win, such that the joint system will take the direction of 
the "stronger" subsystem as their common direction? 

The answer is as follows: It is all about conditional probabilities. One cannot question 
the facts which are already known, irrespective of whether these facts are in "future" or 
"past". The probabilistic reasoning is to be applied to only those facts which are not 
known yet. So, let us assume that the entropy is low at t and that we have two subsystems 
with opposite time directions at to- Let us also assume that the subsystems do not come 
into a mutual interaction before t\ (where t\ > t ), after which they interact with each 
other. Given all that, we know that, for t < t < t±, entropy increases with time for one 
subsystem and decreases with time for another subsystem. But what happens for t > t\l 
Due to the interaction, the two subsystems will have the same direction of the arrow of 
time for t > t\. But which direction? The probabilistic answer is: The direction which 
is more probable, given that we know what we already know. But we already know the 
situation for t < t\ (or more precisely, for to < t < ti), so our probabilistic reasoning can 
only be applied to t > t\. It is this asymmetry in knowledge that makes two directions of 
time different. (Of course, the interaction is also asymmetric, in the sense that interaction 
exists for t > t 1 , but not for t < t < ti.) Thus, the probabilistic reasoning implies that 
entropy will increase in the positive time direction for t > t\. Alternatively, if there was no 
such asymmetry in knowledge, we could not efficiently predict the direction of the arrow 
of time, so the joint direction would be chosen in an effectively random manner. 

Note also that the mechanism above does not depend much on relative sizes of the 
two subsystems. In particular, if they are of an equal size, i.e., half of the system has the 
time arrow oriented opposite to the other half for to < t < ti, the common time arrow for 
t > t\ will still be determined by the aforementioned asymmetry in knowledge. 

Further note that the qualitative probabilistic arguments above refer to expectations 
on typical systems, not necessarily on all possible systems. Indeed, there are interesting 
physical systems, such as those involving the spin-echo effect, in which a subsystem may 
have the arrow of time opposite to that of its environment. The point is that such systems 
are exceptions, rather than a rule. Thus, our qualitative probabilistic arguments against 
such systems are still justified, provided that one does not misinterpret them as strict 
laws without exceptions. 

In fact, it is not difficult to understand qualitatively why exceptions such as the spin- 
echo effect exist. First, it is a system with a relatively small number of degrees of freedom, 
which makes the statistical arguments less accurate and fluctuations more likely. Second, 
the interaction of this system with the environment is so weak so that the mechanism of 
entropy alignment takes more time than in most other systems. Indeed, even the spin- 
echo system will eventually, after a sufficient time, align its time-direction with that of its 
environment. 

To emphasize that no direction of time is a priori preferred, let us also briefly discuss 
a situation inverse to the above. For that purpose, now let us assume that interaction 
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exists only for t < t_i, where t_i < to- By completely analogous reasoning, now we can 
conclude that the entropy will increase in the negative time direction for t < t_i. 

A fully symmetric variant is also possible by assuming that the interaction exists for 
both t > t\ and t < t-\ (but not for t-\ < t < ti). In this case, the entropy will increase 
in the positive time direction for t > t\ and in the negative time direction for t < t-\. In 
other words, similarly to the case in Fig. H] of Sec. I4.4[ the entropy will increase in both 
directions, but for different times. 

One additional note on initial conditions is in order. Even when two subsystems 
have the opposite directions of the thermodynamic arrow of time, we choose the initial 
conditions for both of them to be at the same time to, say in the past. Indeed, the choice 
that to is m the past is a natural choice for the subsystem in which entropy increases with 
time. However, this choice is not so natural for the other subsystem in which entropy 
decreases with time; for that subsystem it would be more natural to choose the "initial" 
condition in the future. Or more generally, one might like to study many subsystems, 
each with initial conditions at another time. We stress that in this paper we do not study 
such more general initial conditions because, when interactions between the subsystems 
are present, initial conditions at different times for different subsystems cannot be chosen 
arbitrarily. Namely, for some choices of such initial conditions at different times, a self- 
consistent solution of the dynamical equations of motion may not even exist. And even 
when a solution exists, in general it is not known how to prove the existence or how to 
find a solution numerically. 

Now we can understand why the arrow of time appears to be universal. If there is a 
subsystem which has an arrow of time opposite to the time-arrow that we are used to, 
then this subsystem is either observed or not observed by us. If it is not observed, then it 
does not violate the fact that the arrow of time appears universal to us. If it is observed 
then it interacts with us, which implies that it cannot have the opposite arrow of time 
for a long time. In each case, the effect is that all what we observe must have the same 
direction of the arrow of time (except, perhaps, during a very short time interval). This 
is similar to the reasoning in |6j, with an important difference that our reasoning does not 
rest on quantum mechanics. 

In the remaining sections we support these intuitive ideas by a more quantitative 
analysis. 

3 Statistical mechanics of the baker's map 

The baker's map (for more details see Appendix |AJ maps any point of the unit square 
to another point of the same square. We study a collection of N 3> 1 such points (called 
"particles") that move under the baker's map. This serves as a toy model for a "gas" 
that shares all typical properties of classical Hamiltonian reversible deterministic chaotic 
systems. Indeed, due to its simplicity, the baker's map is widely used for such purposes 

[2211231 Ell 125]. 
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3.1 Macroscopic entropy and ensemble entropy 

To define a convenient set of macroscopic variables, we divide the unit square into 4 equal 
subsquares. Then the 4 variables Aq, N 2 , N 3 , iV 4 , denoting the number of "particles" in 
the corresponding subsquares, are defined to be the macroscopic variables for our system. 
(There are, of course, many other convenient ways to define macroscopic variables, but 
general statistical conclusions are not expected to depend on this choice.) The macro- 
scopic entropy S m of a given macrostate is defined by the number of different microstates 
corresponding to that macrostate, as 

This entropy is maximal when the distribution of particles is uniform, in which case S m 
is S™ ax = iVlog4. Similarly, the entropy is minimal when all particles are in the same 
subsquare, in which case S m = 0. 

Let (x, y) denote the coordinates of a point on the unit square. In physical language, 
it corresponds to the particle position in the 2-dimensional phase space. For N particles, 
we consider a statistical ensemble with a probability density p(xi, yi, . . . ; xn, yN', t) on 
the 2N dimensional phase space. Here t is the evolution parameter, which takes discrete 
values t — 0, 1, 2, . . . for the baker's map. Then the ensemble entropy is defined as 

S e = - J p(x 1: yi, . . . ;x N ,y N ;t) logp(x 1 ,yi;...;x N ,y N ;t)dX, (2) 

where 

dX = dxi dyi • ■ • dxN dyN- (3) 

In general, p and S e change during the evolution generated by the baker's map and depend 
on the initial p. However, if the initial probability-density function has a form 

p(x 1: yi, . . .;x N ,y N ) = p{x 1 ,y 1 ) ■ ••p(x N ,y N ), (4) 

which corresponds to an uncorrected density function, then the probability-density func- 
tion remains uncorrelated during the evolution. 

As an example, consider p(xi, yi) which is uniform within some subregion E (with area 
A < 1) of the unit square, and vanishes outside of E. In other words, let 

< +\-\ 1 / A f° r ( x h Vi) inside E, , . 

p[x u y h t)-< Q for ^ yi) outgide ^ [b) 



In this case 



1 \ N f 1 x N 



Sc = ~{a) l0g llJ AN = Nh ^ A ( 6 ) 
Since A does not change during the baker's map evolution, we see that S c is constant 
during the baker's map evolution. This example can be used to show that S e is, in fact, 
constant for arbitrary initial probability function. To briefly sketch the proof, let us divide 
the unit 2iV-dimensional box into a large number of small regions E a , on each of which 
the probability is equal to p a . During the evolution, each region E a changes the shape, 
but its 2iV-dimensional "area" A a remains the same. Moreover, the probability p a on the 
new E a also remains the same. Consequently, the ensemble entropy S e — — J2 a A a Pa l°gPa 
remains the same as well. This is the basic idea of a discrete version of the proof, but a 
continuous version can be done in a similar way. 
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3.2 Appropriate and inappropriate macroscopic variables 



The macroscopic variables defined in the preceding subsection have the following proper- 
ties: 

1. For most initial microstates having the property S m < 5"™ ax , S m increases during 
the baker's map. 

2. For most initial microstates having the property S m = S™ ax , S m remains constant 
during the baker's map. 

3. The two properties above do not change when the baker's map is perturbed by a 
small noise. 

We refer to macrovariables having these properties as appropriate macrovariables. (They 
are "appropriate" in the sense that an appropriate macroscopic law of entropy-increase 
can be obtained only when macrovariables obey these properties.) 

Naively, one might think that any seemingly reasonable choice of macrovariables is 
appropriate. Yet, this is not really the case. Let us demonstrate this by an example. Let 
us divide the unit square into 2 M equal vertical strips (M ^> 1). We define a new set of 
macrovariables as the numbers of particles inside each of these strips. Similarly to (JT]), 
the corresponding macroscopic entropy is 



where N k is the number of particles in strip k. For the initial condition, assume that 
the gas is uniformly distributed inside odd vertical strips, while even strips are empty. 
Then S m < S'™ ax initially. Yet, for a long time during the baker's evolution, S m does not 
increase for any initial microstate corresponding to this macrostate. However, during this 
evolution the number of filled strips decreases and their thickness increases, until only one 
thick filled vertical strip remains. After that, S m starts to increase. We also note that the 
evolution towards the single strip can be easily destroyed by a small perturbation. 

Thus we see that vertical strips lead to inappropriate macrovariables. By contrast, 
horizontal strips lead to appropriate macrovariables. (Yet, the macrovariables in ([I]) are 
even more appropriate, because they lead to much faster growth of S m .) This asymmetry 
between vertical and horizontal strips is a consequence of the intrinsic asymmetry of 
the baker's map with respect to vertical and horizontal coordinates. This asymmetry is 
analogous to the asymmetry between canonical coordinates and momenta in many realistic 
Hamiltonian systems of classical mechanics. Namely, most realistic Hamiltonian systems 
contain only local interaction between particles, where locality refers to a separation in 
the coordinate (not momentum!) space. 

Finally, we note that evolution of the macroscopic variables Nk(t), k = 1,2,3,4, is 
found by averaging over ensemble in the following way 




k=l 



(7) 



N k (t) = / N k (x 1} yi]...] x N , y N ; t)p{x 1 ,y 1 ] ...;x N , y N ; t) dX. 
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3.3 Coarsening 

As we have already said, the ensemble entropy (unlike macroscopic entropy) is always 
constant during the baker's map evolution. One would like to have a modified definition 
of the ensemble entropy that increases similarly to the macroscopic entropy. Such a 
modification is provided by coarsening, which can be defined by introducing a coarsened 
probability-density function 

«... = j^-A,m-^-^-^m-^) 

x p(a/ 11 y' 1 ;...;a/ Nl y' N )dX' 1 (9) 

where A is nonvanishing in some neighborhood of X' = 0, 0; . . . ; 0, 0. In this way, the 
coarsened ensemble entropy is 

s c r = - / p coar (^ yi; • • • ; x N , y N ) logpr*( Xl , y l5 . . . ; x N , y N ) dX. (10) 

Of course, the function A can be chosen in many ways. In the following we discuss a few 
examples. 

One example is the Boltzmann coarsening, defined by 

P coar (zi,yi; • • -]x N} y N ) = p{x X) y x ) ■ ■■p(x N} y N ) } (11) 

where 

p(xi, yi) = / p(x ± , yi; ■ ■ ■ ; x N , y N ) dx 2 dy 2 ■•• dx N dy N} (12) 

and similarly for other p(xi,yi). 

Another example is isotropic coarsening, having a form 

A(xi - x' v yx - y[; . . . ; x N - x' N , y N - y' N ) = 
A(x 1 - ii)A(y! - y[) ■ ■ ■ A(x N - x' N )A{y N - y' N ). (13) 

Yet another example is the Prigogine coarsening [22J 

A( Xl - x[, y 1 -y[;...;x N - x' N , y N - y' N ) = A(y 1 - y[) ■ ■ ■ A(y N - y' N ), (14) 

which is an anisotropic coarsening over the shrinking direction y. 

Finally, let us mention the coarsening based on dividing the system into two smaller 
interacting subsystems. The coarsened ensemble entropy for the full system is defined as 
the sum of uncoarsened ensemble entropies of its subsystems. Such a coarsened entropy 
ignores the correlations between the subsystems. 

All these types of coarsening have the following property: If the initial microstate 
is such that macroscopic entropy increases, then the coarsened ensemble entropy also 
increases for that initial microstate. Yet, the Prigogine coarsening has the following 
advantages over Boltzmann and isotropic coarsenings: 

First, if the initial microstate is such that the macroscopic entropy decreases, then 
the Prigogine coarsened ensemble entropy does not decrease, while the Boltzmann and 
isotropic coarsened ensemble entropies decrease. 
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Second, assume that the initial microstate is such that the macroscopic entropy in- 
creases, and consider some "final" state with a large macroscopic entropy close to the 
maximal one. After this final state, consider the corresponding "inverted" state, (i.e., the 
state with exchanged x and y). In the transition to this "inverted" state, the Prigogine 
coarsened ensemble entropy decreases, while the Boltzmann and isotropic coarsened en- 
semble entropies remain unchanged. 

Thus, the Prigogine coarsening provides the most correct description of the ensemble- 
entropy increase law without any additional assumptions. For example, to get the same 
result with Boltzmann coarsening, one would need to introduce the additional "molecu- 
lar chaos hypothesis" to replace p(x±, y±; X2, 2/2) with p(xi,yi)p(x2,y2) in the equation of 
motion for p(x,y,t). 

4 The effects of weak interactions 

4.1 Small external perturbations 

The growth of the ensemble entropy can be achieved even without coarsening, by in- 
troducing a small external perturbation of the baker's map. The perturbation must be 
small enough to avoid destruction of the growth of macroscopic entropy, but at the same 
time, it must be strong enough to destroy the reverse processes and Poincare returns. For 
most such perturbations, the qualitative features of the evolution do not depend much on 
details of the perturbation. 

There are two ways how the external perturbation can be introduced. One way is to 
introduce a small external random noise. The macroscopic processes with the increase of 
macroscopic entropy are stable under such a noise. However, the area of a region is no 
longer invariant under the perturbed baker's map. In this way the ensemble entropy can 
increase. 

The other way is to introduce a weak interaction with the environment (which can 
be thought of as an "observer"). Again, the macroscopic processes with the increase 
of macroscopic entropy are stable, but the area of a region is no longer invariant under 
the perturbed baker's map. Consequently, the ensemble entropy can increase. However, 
such a system is no longer isolated. Instead, it is a part of a larger system divided 
into two subsystems. Hence, as we have already explained in Sec. 13.3} the coarsened 
ensemble entropy for the full system can be defined as the sum of uncoarsened ensemble 
entropies of its subsystems. In the next subsection we study the weak interactions with 
the environment in more detail. 

4.2 Weak interaction and the destruction of opposite time ar- 
rows 

To proceed, one needs to choose some specific interaction between two gases. In the 
absence of interaction, each of them evolves according to the baker's map. We put the two 
unit squares one above another and specify the interaction with the range of interaction 
a, such that, between two steps of the baker's map, all closest pairs of particles (with 
distance smaller than a between them) exchange their positions. (More precisely, we 
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first find the pair of closest particles (with distance smaller than a between them) and 
exchange their positions. After that, we find the second pair of closest particles (with 
distance smaller than a between them and different from previously chosen particles) and 
exchange their positions too. We repeat this procedure until we exhaust all particles.) 
The interaction happens only between the particles in different subsystems because it 
makes no sense to introduce such interaction within a single subsystem. Namely, such an 
interaction does not affect the motion of the particles, but only gives rise to the mixing 
between the two subsystems when two particles of the pair belong to different subsystems. 
When they belong to the same system, we interpret them as trivial irrelevant exchanges, 
and consequently think of them as exchanges that have not happened at all. 

Note also that such mixing by itself does not lead to the Gibbs paradox, as long as we 
consider the two unit squares as separate objects. The macroscopic entropy is defined as 
the sum of macroscopic entropies of the two subsystems. 

Now let us consider the case in which the time arrows of the two subsystems have the 
same direction. The processes in which the macroscopic entropies of the two subsystems 
increase are stable under the interaction. Thus, most low-entropy initial conditions lead 
to a growth of macroscopic entropy of both subsystems, as well as of the full system. 

Similarly, if we inverse a process above with increasing macroscopic entropy, we obtain 
a system in which macroscopic entropy of both subsystems, as well as of the full system 
- decreases. In this sense, the interaction does not ruin the symmetry between the two 
directions of time. 

Now let us consider the most interesting case, in which entropy increases in the first 
subsystem and decreases in the second. The initial state of the first subsystem has a low 
entropy (for example, all particles are in some small square near the point (0, 0) of the 
unit square). Likewise, the second system has a low entropy (for example, all particles 
are in some small square near the point (1, 1) of the unit square) in the final state. 

If there was no interaction, the final state of the first subsystem would be a high- 
entropy state corresponding to a nearly uniform distribution of particles. Likewise, the 
initial state of the second system would be a high-entropy state of the same form. 

However, the solutions above with two opposite arrows of time are no longer solutions 
when the interaction is present. In most cases, the interaction mixes the particles between 
the subsystems. The number of solutions with interaction which have the initial-final 
conditions prescribed above is very small, in fact much smaller than the number of such 
solutions in the absence of interaction. 

Let us make the last assertion more quantitative. After an odd number of (non-trivial) 
exchanges, the particle transits to the other subsystem. Likewise, after an even number 
of such exchanges, it remains in the same subsystem. The probabilities for these two 
events are equal to p = 1/2 and do not depend on other particles, at least approximately. 
Further, we can argue that the mixing between the two subsystems is negligible in the 
initial and final states, as the entropies of the two subsystems are very different. We want 
to calculate the probability of a small mixing in the final state, given that the mixing is 
small in the initial state. For definiteness, we shall say that the mixing is small if the 
number N t of transited particles is either N t < N/A or N t > 3iV/4. (Recall that the 
particle exchange is the only effect of our perturbation, so mixing cannot depend on any 
other variable except N t . The factors 1/4 and 3/4 are, of course, chosen arbitrarily, but 
we fix them in order to get some concrete results in a simple final form. The qualitative 
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results that follow do not depend on this choice.) Thus, the probability is given by the 
cumulative binomial distribution F(N t ; N, 1/2), given by 



f(m,p) = e(J) 



p*(i-p) 



n—i 



(15) 



where \_k\ is the greatest integer less than or equal to k. The function F(k;n,p) satisfies 
the bound 



Thus, since the opposite time arrows of subsystems are not destroyed when N t < N/4 or 
N t > 3N/4, we see that the probability of this is equal to 



Clearly, it decreases exponentially with N, which means that such a probability is neg- 
ligibly small for large N. Hence, it is almost certain that processes with opposite time 
arrows will be destroyed. 

In the model above, we need a nearly equal number of particles in the two subsystems 
to destroy the opposite time arrows. This is because one particle can influence the motion 
of only one close particle. For more realistic interactions, one particle can influence the 
motion of a large number of particles in its neighborhood, which means that even a very 
small number of particles in one system can destroy the entropy decreasing processes of 
the other system. 

4.3 Decorrelation in the interacting system 

Hamiltonian systems are described not only by a macrostate, but also by complex nonlin- 
ear correlations between microstates. These correlations are responsible for reversibility. 
The interaction between two subsystems destroys these correlations inside the subsystems, 
but the full system remains reversible, i.e., the correlations appear in the full system. 
Thus, the decorrelation in the subsystems spreads the correlations over the full system. 
(This process is a classical analogue of decoherence in quantum mechanics.) 

Let us put these qualitative ideas into a more quantitative form. Linear (Pearson) 
correlations have a behavior very similar to the nonlinear correlations described above. 
The only difference is that these linear correlations decrease with time. The interaction 
we proposed can be approximated by a random noise with amplitude corresponding to 
the range of interaction a between the particles. Therefore, we expect that the interaction 
not only causes the alignment of the time arrows, but also a decay of correlation which 
is even stronger than that without the interactions (Sec. IA.5[) . During this process the 
evolution of subsystems is irreversible, but the full system remains reversible. 

We can quantify this decay of correlations by calculating the Pearson correlation for 
our subsystems, given by 




(16) 



2F{N/4;N,l/2) < 2e~ Af/8 . 



(17) 
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where (C m (0)) is the expected variance of the random variable x calculated after m 
iterations of the map. The variance C m (0) can be calculated as 

c m (o) = Y, J i 2 " 1 * -J- ( x ) + s ) 2 dx > ( 19 ) 

J=0 j2~ m 

where S is a random number defined as S = Yl^Zo 2 k (k- Here ^ is an i.i.d. random 
number with zero mean and variance a 2 , which models the influence of interactions on 
the evolution of the system. After a short calculation we get 

m— 1 

(C m (0)) = (7(0) + (S 2 ) = (7(0) + £ 2*+ fc '(GG'>- (20) 

k,k'=0 

Using the properties of i.i.d. variables (CkCfc') = ^kk'^ 2 , it follows that 

o2ra i 

(C m (0)) = C(0) + — ^— a 2 . (21) 

It is clear that the interactions will enhance the decay of correlations of at least linear 
dependencies, because 

rim) = . (22) 
yfl + 4(2 2m - l)a 2 

Yet, for the full system the Pearson correlation r(m) = 2 _m remains the same. Since 
(S 2 ) 1 / 2 must be much smaller than the system size (unit square), we can conclude that 
our assumptions resulting in ( |22l) are correct only for (S 2 ) = [(2 2m — l)/3]o~ 2 1 and 
a 2 /2- 2rn < 1. 



4.4 Numerical simulation 

So far, we have been using general abstract arguments. In this subsection we support these 
arguments by a concrete numerical simulation. We consider two subsystems (labeled as 1 
and 2), each with Ni = N 2 = 300 particles. The two subsystems occupy two unit squares. 
To define the coarsened entropy, each unit square is divided into 16 x 16 = 256 small 
squares. Thus, the entropy in the two subsystems is given by 

512 

S i = -N i Y,fk,itogfk,i, (23) 
k=i 

where i = 1,2, /^j = rik,i/Ni, and nk,i is the number of particles in the corresponding 
small square. Similarly, the total entropy is defined as 

512 

S = -(N 1 + N 2 )Y / fklogf k , (24) 
k=i 

where f k = (n k)1 + n k}2 )/ (Nt + N 2 ) 

For the system 1 we choose a zero-entropy initial state at t — 1 (see Fig. [1]). Similarly, 
for the system 2 we choose a zero-entropy "initial" state at t = 6. Such initial conditions 
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Figure 1: The initial particle configuration at t = 1. 
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Figure 2: Evolution of entropy without interaction. 

provide that, in the absence of interactions, S\ increases with time, while S2 decreases with 
time for t < 6. To avoid numerical problems arising from the finite precision of computer 
representation of rational numbers, (|27|) is replaced by x' = ax — [ax\ , y' = (y+ [ax\)/2, 
with a = 1.999999. The results of a numerical simulation are presented in Fig. [1] and 

Fig. m 

To include the effects of interaction, we define interaction in the following way. (For 
the sake of computational convenience, it is defined slightly differently than in Sec. 14.21 
The interaction used in Sec. I4.2l is chosen to make the analytical calculations simpler, while 
that in the present section is chosen to make the numerical computations simpler.) We 
take a small range of interaction r y = 0.01 in the ^/-direction, which can be thought of as a 
parameter that measures the weakness of interaction. (Recall that y and x are analogous 
to a canonical coordinate and a canonical momentum, respectively, in a Hamiltonian 
phase space.) The interaction exchanges the closest pairs similarly as in Sec. I4.2[ but 
now "the closest" refers to the distance in the y-direction, and there is no exchange if the 
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Figure 3: Evolution of entropy with interaction. 
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Figure 4: A symmetric evolution of entropy with interaction. 

closest distance is larger than r y . In addition, now interaction is defined such that only 
the x-coordinates of the particles are exchanged. By choosing the same initial conditions 
at t = 1 as in the non-interacting case (Fig. [TJ, the results of a numerical simulation with 
the interaction are presented in Fig. [3J We see that with interaction (Fig. [3]) 5*2 starts to 
increase at earlier times than without interaction (Fig. [2]). 

Finally, we present an example of a symmetric time evolution with interaction. For 
that purpose, we choose a zero-entropy initial state at t = for both system 1 and system 
2. The two initial zero-entropy configurations are different. In particular, they are located 
within two different small squares, so that the total initial entropy is larger than zero. 
The result of a numerical simulation is presented in Fig. HJ We see that the solution is 
symmetric under the time inversion t — > —t. 
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5 Discussion 



In this paper, we have used the toy model based on the baker's map to demonstrate 
features which seem to be valid for general systems described by reversible Hamiltonian 
mechanics. Clearly, for such systems one can freely choose either final or initial condi- 
tions, but one cannot freely choose mixed initial-final conditions. (For mixed initial-final 
conditions, the canonical variables are fixed at an initial time for some of the particles, but 
at an final time for the other particles. For most such mixed initial-final conditions, an 
appropriate solution (of the Hamiltonian equations of motion) does not exist. Similarly, 
our toy model suggests that for most Hamiltonians with weak interactions, the number of 
solutions with given coarse-grained initial-final conditions is much smaller then the num- 
ber of solutions with only coarse-grained initial or only coarse-grained final conditions. 
This explains why, in practice, we almost never observe subsystems with opposite arrows 
of time, i.e., why the arrow of time is universal. 

In a sense, this destruction of opposite arrows of time is similar to ergodicity. Both 
properties are valid for most practical purposes only, they are not exact laws. They are 
true for most real systems, but counterexamples can always be found [26j 12Z] • Also, they 
both may seem intuitively evident, but to prove them rigorously is very difficult. For 
ergodicity the relevant rigorous result is the KAM (Kolmogorov-Arnold-Moser) theorem, 
while for the destruction of the opposite time arrows a rigorous theorem is still lacking. 

Our results also resolve the "contradiction" between the Prigogine's "New Dynamics" 
[22] (discussed in Sec. 13.31 of the present paper) and Bricmont's comments [28]. Dynamics 
of interacting systems can be divided into two types of dynamics: 

1. Reversible ideal dynamics is considered with respect to the coordinate time, in 
which case entropy can either decrease or increase. 

2. Irreversible observable dynamics is considered with respect to the intrinsic time 
arrows of interacting systems, in which case entropy increases as we can see above. 
(In other words, the entropy increases rather than decreases with t because the 
orientation of t is defined as a direction in which entropy increases.) 

In the framework of this terminology, the Prigogine's "New Dynamics" [22] is one of 
the forms of the observable dynamics, while the Bricmont's paper [28] considers ideal 
dynamics. In particular, the observable dynamics does not include Poincare's returns and 
reversibility, that are indeed unobservable by a real observer, which makes it simpler than 
ideal dynamics. Yet, in principle, both types of dynamics are correct. 

This reasoning can also be applied to the interpretation of numerical results in Sec. 14.41 
Both Fig. [2] and Fig. [3] show that the arrow of time, defined by the total entropy, reverses 
at some point. This reversal corresponds to the description by ideal dynamics. But can 
such a reversal be observed? For the sake of conceptual clarity we stress that the observer 
is nothing but one of the subsystems, and split the question into three different ones. 
First, can the observer observe the reversal of his own arrow of time? Second, can the 
observer observe the reversal of time arrow of his total environment? Third, can the 
observer observe the reversal of time arrow of a small part of his environment? 

The answer to the first question is no, because the observer naturally defines the 
arrow of time as the direction in which his own entropy increases. Namely, the observer 
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perceives a subjective experience of the flow of time because at each time he has access to 
his memory on some events which are not happening right now. Such events are naturally 
interpreted as "past" by him. It can be argued that memory can only work when entropy 
increases in the direction from the memorized event to the time of recalling it (see, e.g., 
[20]). Similarly, other processes in the brain (or a computer) also seem to require an 
increase of entropy for their normal way of functioning (see also [3]). In this way, one 
expects that the observer's subjective experience of the flow of time always coincides with 
the direction in which the observer's entropy increases. 

The answer to the second question is almost certainly no, because if the total environ- 
ment is observed then it interacts with the observer, and consequently their time arrows 
tend to be aligned, except, perhaps, during a very short time needed for the process of 
aligning. 

The answer to the third question is sometimes yes, but usually no. Namely, some 
special systems (e.g., the spin-echo system discussed in Sec. H]) can weakly interact with 
its environment and still retain a time arrow opposite to that of its environment for a 
relatively long time. Such special systems are relatively small parts of the total environ- 
ment, and the observer can observe that such a subsystem has a time arrow opposite to 
that of the observer. Indeed, as we have already explained in Sec. (2J our results based on 
probabilistic reasoning on typical systems do not imply that it is absolutely impossible 
to observe a subsystem in which entropy decreases. They only explain why such systems 
are expected to be very rare, which agrees with everyday experience. 

A closely related observation is that our results are not in contradiction with the 
existence of dissipative systems [29] (such as certain self-organizing biological systems) in 
which entropy of a subsystem can decrease with time, despite the fact that entropy of 
the environment increases. The full-system entropy (including the entropies of both the 
dissipative system and the environment) increases, which is consistent with the entropy- 
increase law. For such systems, it is typical that the interaction with the environment 
is strong, while results of our paper refer to weak interactions between the subsystems. 
For example, for existence of living organisms, a strong energy flow from the Sun is 
needed. The small flow from other stars is not sufficient for life, but is sufficient for the 
decorrelation and for the alignment of the time arrows. To quote from [5J: "However, an 
observer is macroscopic by definition, and all remotely interacting macroscopic systems 
become correlated very rapidly (e.g. Borel famously calculated that moving a gram of 
material on the star Sirius by 1 m can influence the trajectories of the particles in a gas 
on earth on a time scale of /is [50])." 
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Figure 5: Geometric interpretation of the baker's map. (a) Initial configuration, (b) 
Uniform squeezing in vertical direction and stretching in horizontal direction by a factor 
of 2. (c) The final configuration after cutting the right half and putting it over the left 
one. (d) The final configuration after two iterations. 

A Basic properties of the baker's map 

In this appendix we present some basic properties of the baker's map. More details can 
be found, e.g., in [3T] . 

A.l Definition of the baker's map 

Consider a binary symbolic sequence 

. . . S-2, S-i, So; S\, £2, S3 . . . (25) 

infinite on both sides. Such a sequence defines two real numbers 

x = O.SiS 2 S 3 . . . , y = 0.S S-iS- 2 — (26) 

The sequence can be moved reversibly with respect to the semicolon in both directions. 
After the left shift we get new real numbers 

x' = 2x-[2x\, y' = ^(y+[2x\), (27) 

where [^J is the greatest integer less than or equal to x. This map of unit square into 
itself is called the baker's map. 

The baker's map has a simple geometrical interpretation presented in Fig. [5j There 
(a) is the initial configuration and (c) is the final configuration after one baker's iteration, 
with an intermediate step presented in (b). The (d) part represents the final configuration 
after two iterations. 



A. 2 Unstable periodic orbits 

The periodic symbolic sequences (0) and (1) correspond to fixed points (x, y) = (0, 0) and 

(x,y) = (1, 1), respectively. The periodic sequence (10) corresponds to the period-2 orbit 

{(1/3, 2/3), (2/3, 1/3)}. From periodic sequence . . . 001; 001 .. . we get {(1/7, 4/7), (2/7, 2/7), (4/7, 1/7)}. 

Similarly, from . . . 011; 011 .. . we get {(3/7, 6/7), (6/7, 3/7), (5/7, 5/7)}. 
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Any x and y can be approximated arbitrarily well by O.X . . .X n and O.Y • • • Y m , 
respectively, provided that n and m are sufficiently large. Therefore the periodic sequence 
(Y m . . . YqXq . . . X n ) can approach any point of the unit square arbitrarily close. Thus, 
the set of all periodic orbits makes a dense set on the unit square. 

A. 3 Ergodicity, mixing, and area conservation 

Due to stretching in the horizontal direction, all close points diverge exponentially under 
the baker's iterations. In these iterations, a random symbolic sequence approaches any 
point of the square arbitrarily close. In general, such an ergodic property can be used to 
replace the "time" average (A) by the "ensemble" average 

(A) = A ( x n, Vn) = / A(x, y) dfi(x, y) = A(x, y)p{x, y) dx dy, (28) 

where dp(x,y) is the invariant measure and p{x,y) is the invariant density for the map. 
For the baker's map, p{x,y) = 1. 

Under the baker's iterations, any region maps into a set of narrow horizontal strips. 
Eventually, it fills uniformly the whole unit square, which corresponds to mixing. Simi- 
larly, reverse iterations map the region into narrow vertical strips, which also corresponds 
to mixing. 

During these iterations, the area of the region does not change. This property is the 
area conservation law for the baker's map. 

A. 4 Lyapunov exponent, shrinking and stretching directions 

If x^ and x^ have equal k first binary digits, then, for n < k, 

x?) - xf) = 2™(4 2) - *?>) = (4 2) - sSV* 2 , (29) 

where A = log 2 is the first positive Lyapunov exponent for the baker's map. Consequently, 
the distance between two close orbits increases exponentially with increasing n, and after k 
iterations becomes of the order of 1. This property is called sensitivity to initial conditions. 
Due to this property, all periodic orbits are unstable. 

Since the area is conserved, the stretching in the horizontal direction discussed above 
implies that some shrinking direction must also exist. Indeed, the evolution in the vertical 
y direction is opposite to that of the horizontal x direction. If {x^\y^) and {x^\y^) 
are two points with x^ = x^\ then 

y { : ] - = 2-(^ 2) - = } - i/$V<-"* 2 >. (30) 

Hence A = — log 2 is the second negative Lyapunov exponent for the baker's map. 
A. 5 Decay of correlations 

Since x-direction is the unstable direction, the evolution in that direction exhibits a decay 
of correlations. The average correlation function C (m) for a sequence Xk is usually defined 
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as 

1 n 

C(m) = lirn - V (x k - (x)) (x k+m - (x)) , (31) 

n— >-oo 11 * — ' 
k=l 

where (x) = lim J2k=i x k/n. Correlations can be more easily calculated if one knows the 
invariant measure n(x), in which case 

C{m) = f (x- (x)) {f m {x) - (x)) dn(x), (32) 



where f m (x) = x m is the function that maps the variable x to its image after m iterations 
of the map. For the baker's map dn(x) = dx, so we can write 



j=0 

which yields 

2 m -l 



2 m -l r (j+l)2-™ 

C(m) = V / (x- (x)) (2 m x -j- (x)) dx, (33) 



(i+i)2- 

c(m) = y: 



j=0 



S 2 

x , , , x* 



-J - 


(x)) dx, 


(t- 




- (x)x^ 



(34) 



J2- 



For the baker's map (x) = 1/2, so the sum above can be calculated explicitly 



C{m) = — . (35) 

This shows that the correlations decay exponentially with m. The Pearson correlation for 
the system is given by 

r(m) = C(m)/C(0) = 2- m . (36) 
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AHHOTauiiH 



CTaTHCTHHecKaH (J)H3HKa He Mo>KeT o6i>hchhti>, noneMy TepMCflHHaMHHecKasi cTpe- 
jia BpeMeHH cymecTByeT, ecjiH He nocTyjinpyioTCH oneHB cneHHajiBHBie h HeecTe- 
CTBeHHbie HanajiBHBie ycjiOBHfl. O^Haxo, mbi yTBepxc^aeM, hto cTaTHCTHnecKas cpn- 
3HKa MoxceT oGtacHHTB, noneMy TepMo^HHaMHHecKaH cTpejia BpeMeHH yHHBepcajib- 
Ha, to ecTB, noneMy CTpejia BpeMeHH HanpaBjieHa b o^HHaKOBOM HanpaBjieHHH no- 
Bcipny. A HMeHHO, ecjin y ^Byx no^CHCTeM ecTB npoTHBonojicoKHBie HanpaBjieHHH 
cTpejiBi BpeMeHH nepBOHanajiBHo, B3aHMo^;eHCTBHe Meyapy hhmh ^ejiaeT KOHcpnry- 
panHio GTaTHCTHHecKH HeycTOHHHBoii h BBi3BiBaeT nepexo,n k cHCTeMe c yHHBepcajib- 
hbim HanpaBjieHHeM CTpejiBi BpeMeHH. Mbi ^aeM o6uiHe KanecTBeHHBie apryMeHTBi 
b nojiB3y Taxoro BsrjiHfla h HjijuocTpHpyeM hx ^eTajiBHBiM aHajiH30M "HrpyrneH- 
HOH"Mo^;ejiH, ocHOBaHHoli Ha " IIpeo6pa30BaHHH rieKapa". 



PACS: 05.20.-y, 05.45.-a 

Keywords: CTpejia BpeMeHH, yBejinneHHe snrponHH, npeo6pa30BaHHe ITeHHHKa 



0.1 BBe^eHHe 



IlpoHcxojK^eHHe cTpejibi BpeMeHH - onim H3 caMtix Gojibmnx HeperneHHBix 3aran,OK b 

(pH3HKe [T]-|5]. XopOHIO yCTaHOB JieHO , HTO GojIblHHHCTBO CTpejI BpeMeHH MOJKeT 6bitb 

npnBeneHo k TepMonHHaMnnecKOH CTpejie, ho npoHcxontneHHe TepMOHHHaMHHecKoii 
cTpejibi BpeMeHH ocTaeTca TaHHoit. A hmchho, cyrnecTBOBaHHe TepMonHHaMHHecKoft 
CTpejibi BpeMeHH o3HanaeT, hto cncTeMa He HaxonHTCH b coctohhhh c MaKCHMajiBHo 

B03MOHCHOH SHTponHeH. Ho 3TO 03HaHaeT, HTO CHCTeMa He HaXOHHTCH B caMOM Be- 
pOHTHOM COCTOHHHH, HTO He HMeeT HHKaKOrO CTaTHCTHHeCKOrO o6t.HCHeHHH. <J>aKT 

yBejiHHeHHH SHTponnn co BpeMeHeM 03HanaeT, hto CHCTeMa 6bijia b ^aace MeHee Be- 
Pohthom coctohhhh b npouijioM, hto n,ejiaeT 3an,any erne Sojiee cjiohchoh. KoHenno, 
pocT SHTponHH co BpeMeHeM MOJKeT 6bitb onncaH, npn npennojroHceHHH, hto Bce- 
jieHHan 6bum b coctohhhh c oneHb HH3Koii sHTponneH BHanajre. OnHaKo npn stom 
HHKaK HejiB3H o6t.hchhtb, noneMy BcejiemiaH Hanajiacb c Tarcoro oneHb cneirnajib- 
Horo h HeecTecTBeHHoro HanajibHoro ycjioBHH. 



B He^aBHefl cTaTbe Maccone jS] yTBepjK^aji, hto 3an,ana npoHcxojK^eHHH CTpejibi 
BpeMeHH MOHceT 6bitb penieHa KBaHTOBofl MexaHHKofi. Oh noKaaaJi, hto b KBaHTo- 
boh MexaHHKe Bee hbjichhh, KOTopBie ocTaBjinioT cjiefl b naMara Ha6jHon,aTejiH (h, 
GJieflOBaTejibHO, Moryr 6biTb H3yHeHbi 4)H3hkoh) hbjihiotch hmchho tcmh, npn ko- 
Topbix SHTponHH yBejiHHHBaeTCH. (CjienyeT otmcthtb, hto apryMeHT o CTHpaHHH 
naMHTH Ha6jHO^;aTejiH npn y6breaHHH 3HTponHH h cooTBeTCTByrorjxne MbicjieHHbie 
SKcnepHMeHTBi, paccMOTpeHHbie b |6] HcnojiB30Bajiacb h b Gojiee paHHHx paGoTax 
npyrnx aBTopoB n,jiH pa3penieHHH napanpKca pocTa sHTponnn h KBaHTOBoro napa- 
nprcca penyKHHH BOJiHOBoro narceTa jZHS].) ]). Ife stoto Maccone 3aKjnonaeT, hto 

TaKHM 06pa30M BTOpOH 3aKOH TepMOHHHaMHKH CBOHHTCH K npOCTOH TaBTO JIOrHH , 

aBTOMaTHHecKH peman npoGjieMy CTpejibi BpeMeHH b <pH3HKe. OnimKo, HeKOTopbie 
cjra6ocTH apryMeHTOB, HcnojiB3yeMbix Maccone b [6] yKa3aHbi b cTaTbnx [T0HT2] . 
Kax oTBeT Ha ohho H3 sthx B03paHceHHH, b Gojiee no3HHeH nyGjiHKairHH [13] caM 
Maccone noHHji, hto ero nonxon, nojiHOCTBio He peniaeT npo6jieMy npoHcxoHcneHHH 
CTpejibi BpeMeHH, noTOMy hto KBaHTOBBifl MexaHH3M TaK>Ke TpeGyeT repartee HeBe- 
poHTHbix HanajiBHbix ycjioBHH, KOToptie He MoryT 6bitb o6T>HCHeHbi , hcxohh H3 ero 
apryMeHTOB. 

Bee >Ke, Kax h Maccone b [T3], Mbi nojiaraeM, hto HeKOTopbie Hnen, npencTaBjreH- 
Hbie b [6j h [13J HeHCTBHrejiBHO HOMoraioT jiynme noHHTb npoGjreMy CTpejibi BpeMe- 
HH. Ilejrb 3toh cTaTbH coctoht b tom, hto6bi n,ajree pa3pa6oTaTB, yjryHruHTB, pa3T.- 
HCHHTb, h pacHiHpHTB HeKOTopbie H3 Hneft, KOTopbie GbijiH npencTaBjreHbi b |6|llip i3|. 

H TaKJKe B HeCKOJIbKO OTJIHHHOM KOHTeKCTe B [8|l9| fTH4l8] ■ B HaCTHOCTH, B OTJIHHHe 

ot Maccone b |6j[T3], mbi yTBepnc^aeM, hto KBaHTOBan MexaHHKa He hbjihctch cy- 

m;eCTBeHHBIM (paKTOpOM flJTH pa3pemeHHH 3TOH npoGjieMBI. IIoSTOMy B 3TOH CTaTbe 

Mbi paccMaTpHBaeM tojibko KjiaccHHecKyio cTaTHCTHHecKyio cpH3HKy. 

HneH pa3pemeHHH 3Toro napanpKca cjrenyiorrraH. ^ance npn tom, hto CTara- 
CTHHecKan cpH3HKa He MOHceT o6b.HCHHTb, noneMy TepMo^HHaMHHecKaH CTpejia Bpe- 
MeHH cynrecTByeT, no KpanHeii Mepe, cTaHOBHTCH bo3mojkhbim oGb-HCHHTb, noneMy 
TepMO^HHaMHHecKan CTpejia BpeMeHH yHHBepcajrbHa. To ecTb, mm mojkcm o6t>hc- 
HHTb, noneMy CTpejia yKa3bmaeT b onHHaKOBOM HanpaBjieHHH noBciony. A hmchho, 
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ecjiH y ppyx no^CHCTeM ecrb npoTHBonojioxcHbie HanpaBjieHHH CTpejiBi BpeMemi nep- 
BOHanajiBHo, B3aHMo,n;eHCTBHe Meatfly hhmh ,n;ejiaeT KOHcpHrypanHio cTaTHCTHnecKn 
HeycTOHHHBoii h BBi3BiBaeT nepexofl k cncTeMe c yHHBepcajibHMM HanpaBjieHHeM 
CTpejiBi BpeMeHH. 3to, kohchho, nojmocTbio He peniaeT npo6jieMy nponcxojK^eHHH 
CTpejiBi BpeMeHH. Ho, no KpaflHeii Mepe, oGjiemaeT ee penieHHe. 

CTaTbs opraHH30BaHa cjie/xyiomnM o6pa30M. B cjie/xyioineM pa3,n;ejie mbi npejj;- 
CTaBjiaeM cboh rjiaBHbie H^en b HHTyHTHBHofl HeTexHHHecKofl cpopMe. Ilocjie 3to- 
ro, b pa3jejie IU .31 mm H3ynaeM cTaTHcranecKHe CBoftcTBa " IIpeo6pa30BaHHH IleKa- 
pa" (HexoTopBie ocHOBHbie CBoftcTBa KOToporo npe^CTaBjieHBi b IIpHjioJKeHHH) , ko- 
Topoe cjryjKHT "HrpyiHeHHofi"MOflejibio flJis Toro, hto6m H3ynHTb xapaKTepHbie oco- 
6eHHocTH oGpaTHMbix xaoTHHecKHx TaMnjiBTOHOBBix cHCTeM. KaK noGoHHbiH pe3yjib- 
TaT, b 3tom pa3^;ejie mbi TaK>Ke npoacHHeM pa3HHny Mexc/xy pa3JiHHHMMH onpe^ejie- 
hhhmh noHHTHH " sHTponnn " . 3aTeM, b pa3iiejie IU.4I mm H3yHaeM scpcpeKTM cjiaGbix 

B3aHMO^eiiCTBHH Meatfly nOJJ^CHCTeMaMH , KOTOpBie, 6e3 B3aHMO,n,eftCTBHJl, 3BOJHOHH- 

oHHpyioT corjiacHo " IIpeo6pa30BaHHio rieKapa". B nacTHocTH mbi oGt-hchhcm, KaK 
cjiaGbie B3anMo^eflcTBH3 pa3pyniaioT npoTHBonojioxaibie CTpejiBi BpeMeHH no^cH- 
CTeM, ^ejian hx HaMHoro MeHee BepoaTHBiMH, neM b cjiynae 6e3 B3aHMo,n;eHCTBHH. 
HaKOHen;, b pa3^ejie 10.51 mbi jj;aeM KanecTBeHHoe o6cy>K^i;eHHe Haninx pe3yjiBTaTOB, 

BKJIIOHaH HX COBMeCTHMOCTB C HajIHHHeM CHJIbHOB3aHMO^eHCTByiOIIXHX CHCTeM, B KO- 

TopBix SHTponHH no^CHCTeMBi MOJKeT yMeHBHiHTBCH co BpeMeHeM. 

0.2 TjiaBHbie H^en. 

Hto6bi H36eraTB jjBycMbicjieHHocTH b j^ajibHenuiHx o6cyatfleimnx, no3BOJiBTe HaM 
CHanajia oGt-hchhtb HaniH ochobhbic hohhthh h TepMHHOJiorHio, HcnojiB3yeMyio b 
ocTajibHoft nacTH cTaTBH. flflsi toh Hejra nojie3Ho H3o6pa3HTB BpeMH KaK Henpe- 
pBiBHyio 1-MepHyio jihhhio. JIhhhh napaMeTpn3yeTCH HenpepBiBHBiM napaMeTpoM t. 
TaKaa napaMeTpnsannH o6a3aTejiBHo co3^aeT opneHTanino jihhhh BpeMeHH c Ha- 
npaBjieHHeM, yKa3BIBaiOHI,HM OT MeHBHIHX K 60JIBHIHM BejIHHHHaM t. Mbi MOJKeM 

Hcnojib30BaTb 3Ty opneHTanHio, hto6m onpe,n;ejiHTb noHHTHH Tnna "npe>Kja;e"H "no- 
cjie "nponiJioe"H " Gy/xyrnee hjih " HanajibHMH " n " 3aKjnoHHTejibHMH " . B stoh cTaTbe, 
ecjiH He 3aHBjieHo HHane, nojj; sthmh hohhthhmh mm no/xpa3yMeBaeM nomrrnH, onpe- 
jj;ejieHHbie oTHocHTejibHo stoh BpeMeHon Koopjj;HHaTM t. 0,HHaKo, mm no^nepKHBaeM, 
hto TaKaH opneHTaHHH BpeMeHH Koop/xiiHaTM - npocTo Bonpoc Bbi6opa h He HMeeT 
HHKaKoro <pH3HHecKoro coflepacaHHH. B nacTHocTH, TaKaa opneHTai^nji caMa no ce6e 
He co3Jj;aeT cTpejiy BpeMeHH. BMecTo 3Toro, nojj; CTpejiofi BpeMeHH mm no;xpa3yMeBa- 
eM (pH3HHecKoe HBjiemie, KaK, HanpnMep, yBejinneHHe hjih yMeHbnieHne SHTponnn 
co BpeMeHeM t. Korjj;a CTpejia BpeMeHH b ojxhom h tom ate HanpaBjieHHH Bcioixy Ha 
jihhhh BpeMeHH, Tor^a BpeMeHHan Koop^HHaTa mojkct 6biTb onpejj;ejieHa TaK, hto 
opneHTaniiH t coBna/j;aeT co CTpejiofi BpeMeHH. 3to no3BOJiseT HaM 3JioynoTpe6jiHTb 
h3mkom b HeKOTopbix MecTax, yTBepjKj^an, hto 3HTponHH " yBejiHneHHH a He "yMeHb- 
HieHHH"co BpeMeHeM, ho Hyaoio hmctb b BH/xy sto, pa3JiHnne Me>Kjj;y yBejinneHHeM 
n yMeHBHieHneM co BpeMeHeM - npocTo Bonpoc onpe,n;ejieHHH. Boo6m;e >Ke, CTpejia 
BpeMeHH h opneHTan,HH t - jiornnecKH He3aBHCHMbie hohhthh. 

Tenepb no3BOJibre HaM oGcy^HTb TepMo^HHaMnnecKyio CTpejiy BpeMeHH. Anpn- 

OpHO, BepOHTHOCTb HajIHHHH TepMO^HHaMHHeCKOH CTpejIM BpeMeHH OHeHb HH3Ka. 

0,n;HaKo Hja;e5i coctoht b tom, hto6m ^yMaTb b TepMHHax ycjioBHbix BepoHTHocTefi. 
y HHTMBas , hto TepMo^HHaMHHecKaH cTpejiKa cym;ecTByeT, hto mojkct mm, ncnojib- 
3ya cTaTHCTHnecKHe apryMeHTM, bmbccth H3 3Toro? 

Hto6m OTBeTHTb Ha 3TOT BOnpOC, n03BOJIbTe HaM HanaTb C 3aKOHOB MHKpOCKO- 
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nHHecKoft Teopiin. Mh npe^nojiaraeM, hto flHHaMHKa MHKpocKonnnecKHx cTeneHefi 
CBo6o;xbi onncaHa Ha6opoM jjHcpcpepeHHHajibHbrx ypaBHeHnft BToporo nopa^Ka (c 
npoH3Bo^HL»iMH no BpeMeHH) , KOTopbie 3BJIHIOTC3 HHBapnaHTHBiMH npn o6pam;eHHH 
BpeMeHH t — > —t. TaKHM o6pa30M, y o6ohx HanpaBjieHHH BpeMemi ecTB anpnop- 
ho paBHBie pojiH. HtoGbi onpe^ejiHTB e/XHHCTBeHHoe peineHHe ypaBHeHnft flHHaMHKH 
^BHJKeHHa, TaK>Ke HyacHo BBi6paTB HeKOTopoe " HanajiBHoe " BpeMH t Q > Ha kotopom 
^ojiJKHBi 6bitb onpe^ejieHBi HanajibHbie ycjioBHH. ("HanajibHoe"BpeMH He o6a3aTejib- 
ho ^ojijkho 6bitb caMBiM paHHHM BpeMeHeM, b KOTopoe BcejieHHaa Bonijia b cyuxe- 
CTBOBaHne. JXjis jnoGoro t , b kotopom onpe^ejieHBi HanajibHbie ycjioBHH, ypaBHe- 
hhs flHHaMHKH ^BHJKeHHH e^HHCTBeHHBiM o6pa30M onpe^ejiaioT coctohhhc BcejieH- 
Hofi Kax ji,jih t > to , Tax h jj,jih t < t ) . 3to - npocTO o6bihhbih cneuHcpHHecKHH 

MOM6HT BpeMeHH, KOTOpBIH MOJKeT 6BITB B32T ^a>Ke B " 6yJXyiIi;eM " . ,H,eHCTBHTejIB- 

ho, b 3toh cTaTBe mbi npHHHMaeM KapTHHy "Gjiohhoh BcejieHHOH"(cMOTpH, Hanpn- 
Mep, [41 IT5H2T] h ccbijikh TaM), corjiacHo KOTopofl BpeMH He "TeneT 1 '. Bmccto stoto 
BcejieHHaa - sto npocTO " cTaTHiecKHH " o6T>eKT b 4-ex npocTpaHCTBeHHo-BpeMeHHBix 

H3MepeHHHX. 

KoHeHHO, anpHOpHaH BepOHTHOCTb He6ojIbIHOH SHTponHH B MOMeHT to OHeHB HH3- 

Ka. Ho npn ycjioBHH, hto SHTponnsi, flaHHaa b momcht to, HBjiHeTca He6ojiBHioH, 
KaxoBa BepoHTHocTB, hto cyuxecTByeT TepMo^HHaMHnecKaa cTpejia BpeMeHH? OHa, 
KOHeHHO, oneHB BBicoKa. OiXHaKO, nojiaraa, hto SHTponnn b to HH3Ka, caMBifl Bepo- 
hthbih BBi6op coctoht b tom, hto sHTponHH yBejiHHHBaeTCH b o6ohx HanpaBjieHnax 
c MHHHMyMOM b to- (Mbi npe^cTaBjiHeM npHMep Ha Phc. H]Pa3Jiejia 10.4.41 ) Hcho, b 
TaKOM cjiynae CHCTeMa hbjihctch chmmctphhhoh npn HHBepcHH (t — to) — > —(t — to). 
TepMO^HHaMHHecKaH CTpejia BpeMeHH /j,jih t > t HMeeT npoTHBonojioxcHoe HanpaB- 
jieHHe, neM fljiH t < t . TaKHM o6pa30M, ^;a>Ke npn tom, hto HHKaxoe HanpaBjieHHe 
BpeMeHH He hbjihctch npHBHjierHpoBaHHBiM rjioGajiBHo, TepMo^rnHaMnnecKaH CTpe- 
jia BpeMeHH mojkct, TeM He MeHee, 3a^;aBaTBCH b MecTHOM MacniTaGe fljis pa3JiHHHBix 
MOMeHTOB BpeMeHH t 7^ to- 

C ^pyroii ctopohbi, b Te MOMeHTBi BpeMeHH, Ha kotopbix mbi ^ejiaeM H3Mepe- 

HHe Ha npaKTHKe, SHTponHH ,H,eHCTBHTejIbHO HH3Ka, HO SHTponHH He yBejIHHHBaeTCH 

b o6ohx HanpaBjieHHHX. Bmccto 3Toro, sto OHa yBejiHHHBaeTCH b tojibko oflHOM 
HanpaBjieHHH. (,HpyrHMH cjioBaMH, THnnnHoe BpeMH to, b KOTopoe mbi ^ejiaeM H3- 
MepeHHe - sto He momcht BpeMeHH, b KOTopoe sHTponna ^ocTHraeT MHHHMyMa. 3to 
HBjiaeTCH npHHHHoii, hto mbi He Ha6jno^;aeM BpeMeHHio CHMMeTpnio) ^jis thhhhho- 
ro MOMeHTa to, He tojibko " HanajiBHaH " sHTponHH onpejj;ejieHa, ho h cneHncpHHecKo- 
eHanpaBjieHHe yBejinneHHa SHTponnn onpejj;ejieHO Taxace. Ha MHKpocKonHnecKOM 

ypOBHe, 3TO CBH3aHO C (paKTOM, HTO B MOMeHT to MBI flOJIJKCH Onpejj;ejIHTB He TOJIb- 

ko HanajiBHBie nojio>KeHH5i nacTHii;, ho TaKJKe h hx HanajiBHBie ckopocth. 

A Tenepb i^eHTpajiBHBifl Bonpoc stoto pa3Jj,ejia. YHHTBiBaH, hto b momcht Bpe- 
MeHH to SHTponns HH3Ka, noHeMy SHTponns b yBejiHHHBaeTCH b stot momcht to b 
ojj;hom h tom ace HanpaBjieHHH (npHHHMaeMOM 3a nojiojKHTejibHoe) noBcro^y? Ka- 
3ajiocB 6bi, Gojiee BepoaTHo, hto HanpaBjieHHe yBejiHneHHH sHTponnn H3MeHHeTca 
ot tohkh b MOMeHT t ? Ecjih Tax, Torjj,a noneMy Mbi He Ha6jnojj;aeM sto? ,ZIpyrHMH 
cjioBaMH, noneMy CTpejia BpeMeHH yHHBepcajibHa, HMea ojo;ho h tom ace HanpaB- 
jieHHe noBciojj;y jj;jih jj;aHHoro MOMeHTa to? Mm Ha30BeM 3Ty npo6jieMy npoGjieMofi 
yHHBepcajiBHOCTH CTpejibi BpeMeHH. 

B 3toh CTaTBe mm yTBep>Kjj;aeM, hto 3Ta 3ajj,ana mojkct 6biTb penieHa cTaTHCTH- 
necKoii <pH3HKon. Kopone roBopa, Hanie penieHHe cjiejj;yioHi;He. Ecjih mbi nrHopn- 
pyeM B3aHMOjj;eHCTBHH Me>Kjj;y pa3JiHHHbiMH no^CHCTeMaMH, to, npn ycjioBHH, hto 
b t 3HTponHH HH3Ka, to caMbifl BepoHTHbifl Bbi6op, ^eftcTBHTejibHo, hto HanpaB- 
jieHHe CTpejibi BpeMeHH hsmchhctch ot tohkh k tohkc C ja;pyroH ctopohm, ecjin 
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pa3JinHHbie no,n;cHCTeM£>i B3aHMon,eHCTByioT npyr c npyroM, to sto Gojibine He ca- 
Mbifi BepoHTHbin Bbi6op. BMecTo 3Toro, ^a»ce earn HanpaBjieHne cTpejiKH BpeMeHH 
H3MeHHeTCH ot tohkh k TOHKe b MOMeHT to, to B3aHMo^eHCTBHe oGecnenHBaeT eere- 
CTBeHHbiii MexaHH3M, KOTopbin BbipaBHHBaeT Bee cTpejibi BpeMeHH b ohhom h tom 
nee HanpaBjieHHH. 

Hto6m npoHjijuocTpHpoBaTb napanpKc CTpejibi BpeMeHH, nacTo ncnojib3yioTCH 
MBicjieHHBie 3KcnepHMeHTbi JIoniMHHTa (napanpKc oGpameHHH BpeMeHH) h IlyaHKa- 
pe (TeopeMa o B03BpaTax). CooTBeTCTByiouxne napanpKCbi b KjiaccnnecKOH MexaHH- 
xe penieHbi cjienyioiHHM o6pa30M. KjiaccnnecKaH MexaHHKa no3BOJiHeT, no KpanHen 
Mepe b npHHirnne, hckjhohhtb jno6oii scpcpeKT bjihhhhh Ha6jno,n,aTejiH Ha HaGjno/xa- 
eMyio cHCTeMy. OniiaKo, Gojibihhhctbo peajibHbix cncTeM hbjihiotch xaoTnnecKHMn. 
TaKHM o6pa30M, .nance cjia6oe B03Myni,eHHe mohcct npHBecTH k sKcnoHeHHiiajibHo- 
My pacxoac^eHHio TpaeKropnii. KpoMe Toro, cymecTByeT He3HaHHTejiBHoe B3aHMo- 
neiicTBHe Mencny Ha6jno,i];aTejieM h HaGjuo^aeMofl cncTeMoit. KaK npocToii npHMep, 
paccMOTpHM ra3, pacniHpHioiHHHCH H3 HeGojiBinon o6jiacTH npocTpaHCTBa b 6ojib- 
ihoh o6T.eM. B 3tom npoiiecce, nnymeM c yBejinneHneM snrponHH, H3MeHeHHe bo 
BpeMeHH MaKpocKonHiecKHx napaMeTpoB ycToftHHBo no oTHonieHHio k HeSojiBHiHM 
BHeniHHM B03Myni,eHHflM. C jxpyroii cTopoHbi, ecjin Bee ckopocth 6ynyT o6pam;eHBi, 
to ra3 co>KMeTCH b HanajibHbiH HeGojiBinon oGt-cm, ho tojibko b oTcyTCTBne jho6bix 
B03Mynj,eHHH . 3tot nponecc c yMeHbnieHHeM SHTponnn oneBHnHO HeycToiiHHB, h 
He6ojiBrnoe BHenmee B03Myni,eHHe npeo6pa30Bajio ero b nponecc c poctom sHTpomrn. 
TaKHM o6pa30M, nponeccbi c yBejinneHneM snrponnH, ycTonnHBbi, a c yMeHbnieHH- 
eM - HeT. EcTecTBeHHoe cjien,CTBne 3Toro - to, hto HanpaBjieHne CTpejibi BpeMeHH 
(noTopoe onpe^ejieHo poctom sHTpomin) nan HaSjuo^aTejifl, Tan n Ha6jno^aeMon 
CHCTeMbi BbipaBHHBaeTCH k onHOMy h TOMy nee HanpaBjieHHio, H3-3a HeH36e>KHoro 
He3HaHHTejibHoro B3anMo,n,eHCTBHH Mencny hhmh. Ohh MoryT B03Bp aTHTbcsi Ha3a,n; K 
HanajibHOMy coctohhhio Kax b napa/ipKce JIoniMHHTa, Tan h b napanpKce IlyaHKa- 
pe tojibko BMecTe (k&k cncTeMa b hcjiom). TaKHM o6pa30M, naMHTB Ha6jHo,n,aTejiH 
OKa3biBaeTCH erepTon b Kornie, noTOMy hto mbi npennojiaraeM, hto Bee, BKjnonaH 
M03r Ha6jHo^aTejiH, nojiHOCTbio BepHyjiocb k coctohhhio, H^eHTHHHOMy npenoie- 
My coctohhhio, onncBreaioiixeMy CHCTeMy npenciie, neM naMHTb Gbijia co3n,aHa.. B 
npoiiecce 3Toro B03BpaTa CTpejibi BpeMeHH KaK Ha6jno,naTejiH, TaK h HaGjuo^aeMofl 
CHCTeMbi yKa3biBaioT b HanpaBjieHHH o6paTHOM nepBOHanajibHOMy. OTcioiia mojk- 
ho BbiBecTH /xBa cjieflCTBHH. Bo-nepBbix, pocT sHTponnn Ha6jnojo;aeTCH KaK b nejion 
CHCTeMe, TaK n b ee HByx nacTHx oTHocHTejibHo co6ctbchhoh CTpejibi BpeMeHH Ha- 
6jiiojj;aTejiH, HecMOTpn Ha to, hto sHTponnn yMeHBinaeTCH b KoopnimaTHOM BpeMe- 
HH. Bo-BTopbix, naMHTb Ha6jnojj;aTeji5i cTepTa He TOJibKo b caMOM Komie, ho TaKHce 
ynce h 6jih3ko k kohchhoh tohkc, noTOMy hto Ha6jnojj;aTejib He iiomhht cBoero 
"iiponijioro" (onpejj;ejieHHoro OTHocHTejibHo KoopniiHaTHoro BpeMeHH), ho iiomhht 
CBoe "6yn;yHi,ee". Kohchho, caM Ha6jnojj;aTejib He mojkct 3HaTb, hto cTpejia BpeMeHH 
nojiHOCTbio H3MeHHjia ee HanpaBjieHne, noTOMy hto oh mojkct tojibko Ha6jnojj;aTb 
(pH3HnecKoe "npomjioe"n ' , 6ynyinee' , onpe,n,ejieHHoe He OTHocHTejibHo KoopnimaTHo- 
ro BpeMeHH, a OTHocHTejibHo HanpaBjieHHH, b kotopom sHTponnn yBejniHHBaeTCH. 

^eilCTBHTe JIBHO , MOHCeT Ka3aTbCH BeCbMa BepOHTHbIM, HTO B3aHMOJj;eHCTBHe Bbl- 

poBHHeT Bee CTpejibi BpeMeHH b ohhom h tom nee HanpaBjieHHH. Ho TyT bo3hh- 

KaeT BOIipOC, - B KaKOM HMeHHO HanpaBjieHHH H3 HByX B03MOJKHBIX? KaK MOHCeT 

KaKoe-HH6y^b o^ho HanpaBjieHne 6biTb npe^noHTHTejibHbiM, Korjj;a 06a HanpaBjie- 
HHH anpnopHo o^HHaKOBo BepoHTHbi? 06ni,ee HanpaBjieHne Bbi6npaeTCH cjiynaiiHo 
hjih oho MOHceT 6biTb scpcpeKTHBHo npe^;cKa3aHo? Ecjih ecTb jj;Be nojj;cHCTeMbi c npo- 

THBOnOJIOJKHBIMH HanpaBJieHHHMH BpeMeHH B t(), TO COBMeCTHaH CHCTeMa Bbi6epeT 

HanpaBjieHne "6ojiee cHjibHOH"no^i;cHCTeMbi KaK hx o6ni,ee HanpaBjieHne. Ho KaKan 
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nquciicTeMa 6yneT "Gojiee cnjibHaa"? Ta jib, hto oGjia^aeT GojibinnM hhcjiom erene- 
Hefi cBo6oflt.i? Hjih oHa BbiGnpaeTcs no HHOMy npHHininy? 

Ha caMOM Rene, "Gojiee cHjibHaH"cTpejia BpeMeHH - sto Ta, KOTopaa coHanpaB- 
jieHa c Koop^HHaTHBiM HanpaBjieHHeM BpeMeHH. ^eftCTBHTejiBHO, cHTyarniH TyT He 
CHMMeTpHHHaji . J^jir t < t (xor^a cTpejibi BpeMeHH npoTHBOHanpaBjieHbi) B3anMo- 
^eficTBHe oTcyTCTByeT, a fljia: t > to OHO noHB jihctch . 3to acHMMeTpna B3aHMo^;eH- 
ctbhh h onpe^ejiHeT HaGjno^aeMyio acHMMeTpnio BpeMeHH. 

06paTHM BHHMaHHe TaKJKe, HTO MexaHH3M , H3JIOJKeHHBIH BBIHie, He 3aBHCHT 3Ha- 
HHTejIBHO OT OTHOCHTejIBHBIX pa3MepOB 3THX JXByX nOflCHCTeM. B HaCTHOCTH eCJIH 

ohh HMeioT paBHbiH pa3Mep, to ecTb, ,n;jia: ojxhoh hojiobhhbi chctcmbi cTpejia Bpe- 
MeHH opneHTHpoBaHa npoTHBonojioncHo /xpyroft nojioBHHe rjis to < t < t±, o6maH 
CTpejixa BpeMeHH ji,jih t > t\ 6yn;eT Bee eme onpe^ejiHTBCH BbimeynoMHHyTOH acHM- 

MeTpHefi B 3HaHHH. 

,H,ajiee o6paTHM BHHMaHHe, hto KanecTBeHHbie BepoHTHocTHbie apryMeHTbi, H3Jio- 
>KeHHbie Bbinie, BepHbi ^jis GojibinnHCTBa chctcm, ho He o6H3aTejibHo fljia Bcex bo3- 

MOJKHblX CHCTeMaX. ^eHCTBHTe JIbHO , eCTb HHTepeCHbie CpH3HHeCKHe CHCTeMbI, THna 

cnHH-sxo, b KOTopbix no/^cncTeMa MOJKeT HMeTb CTpejiy BpeMeHH npOTHBOnOJIOJK- 
Hyio cTpejie BpeMeHH oxpy^KaioineH ee cpe/xbi. ,U,ejio b tom, hto Taxne cncTeMbi - 
HCKjuoHeHHH, a He npaBHjio. TaKHM o6pa30M, HaniH KanecTBeHHbie BepoHTHocTHbie 
apryMeHTbi, HecMOTpa Ha Hajinnne Taiarx cHereM Bee eme BepHbi, npn ycjioBHH, hto 
ohh He paccMaTpHBaioTCH Kax cTporne 3aKOHbi 6e3 ncKjiroHemrH. 

OaKTHHecKH, He TpyzrHO noHHTb KanecTBeHHO, noneMy ncKjnoHeHHH THna cnHH- 
sxa cym;ecTByioT. Bo-nepBbix, sto cncTeMa c oTHocHTejibHo HeGojibniHM KOJinne- 
ctbom cTeneHefl cbo6o^bi, hto ^ejiaeT cTaTHCTHnecKne apryMeHTbi MeHee tohhmmh h 
cpjiioKTyarnin Gojiee BepoHTHbi b Taxnx cjiynanx. Bo- BTopbix, B3aHMo/i;eHCTBHe btoh 
cncTeMbi c oKpyHcaiomeH cpe^ofl HacTOJibKo cjiaGo, hto MexaHH3M BbipaBHHBaHHH 
HanpaBjieHHH pocTa sHTponnn 6epeT 6ojibine BpeMeHH, neM b GojibniHHCTBe /xpyrnx 
CHCTeM. ^encTBHTejibHo, Trance cncTeMa cnnH-sxa, b kohchhom cneTe, nocjie ^ocTa- 
TOHHoro BpeMeHH, BbipaBHHBaeT HanpaBjieHHe CTpejibi BpeMeHH c ee OKpyHcaiomeii 
cpe^ofi. 

IIocKOJibKy HHKaKoe HanpaBjieHHe BpeMeHH He hbjihctch anpnopHo npnBHjiern- 
poBaHHbiM , no3BOJibre HaM TaiQKe KpaTKo oGcynnTb cnTyainiio, HHBepcHyio k bh- 
nieynoMHHyTOH. ,H,jih stoh uejni, Tenepb no3BOJibre HaM npejxnojio:>KHTb, hto B3an- 
MOj^eiicTBHe cymecTByeT TOJibKO fljia t < t_i, r,ae t_i < to- C noMornbio nojiHOCTbio 
aHajiorHHHbix paccyacji;eHHH, Tenepb mm mojkcm 3aKjnoHHTb, hto sHTponnji yBejin- 
hhtch b OTpHiiaTejibHbiH HanpaBjieHHe BpeMeHH pjm t < t_i. 

nojiHOCTbio CHMMeTpnnecKHH BapnaHT TaKHce B03MO>KeH. IIojiojkhm, hto B3an- 
MOfleftcTBue cymecTByeT h jj,jia t > t±, h fljia t < t_i (ho He jj,jia t_i < t < t±). B 
9tom cjiynae, SHTponHH yBejiHHHBaeTCH b nojio>KHTejibHbiM HanpaBjieHHH BpeMeHH 

JI,JI5I t > tl H B OTpHIiaTejIbHOM HanpaBjieHHH BpeMeHH JI,JI5I t < t_i. ,H,pyrHMH cjio- 

BaMH, noji;o6Ho k cjiynaio Ha Phc. H] Pa3Ji;ejia I0.4.4[ sHTponnji yBejinnnTcn b o6ohx 
HanpaBjieHHHx, ho b pa3JiHHHbie momchth BpeMeHH. 

Oji,ho ji;onojiHHTejibHoe npHMenaHHe OTHocHTejibHo HanajibHbix ycjiOBnii. JX ayKe 
Korjxa RBe no^cncTeMbi hmciot npoTHBonojio>KHbie HanpaBjieHHH TepMojxHHaMnne- 
ckoh cTpejiH BpeMeHH, mm BbiGnpaeM HanajibHbie ycjioBHH jj;jih hhx o6ohx b oji;hh 
tot yae momcht BpeMeHH t 0; CKa>KeM b nponijioM. ,H,eHCTBHTejibHO, Bbi6op, Ji,ji5i koto- 

poro to HaXOflHTCH B nponiJIOM - eCTeCTBeHHblH BblGop flJIH nO/I,CHCTeMbI, B KOTOpOH 

sHTponHH yBejiHHHBaeTca co BpeMeHeM. O^HaKo, stot Bbi6op He HacTOJibKo ecTe- 
CTBeHeH ji,jih jjpyroft no;i;cHCTeMbi, b KOTopofi SHTponnn yMeHbniaeTCH co BpeMeHeM. 
,H,jih TaKoii no/i;cHCTeMbi Gmjio 6bi 6ojiee ecTecTBeHHo Bbi6paTb "HanajibHoe"ycjioBne 
b Gy^yn^eM. Hjih 6ojiee ninpoxo, mojkho 6bijio 6bi H3ynHTb MHoro noji;cHCTeM, xa>K- 
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Kyio c HanajibHtiMH ycjioBHHMH b pa3HMeHTbie momchtm BpeMeHH. IIoflHepKHeM, 
hto b btoh cTaTte mbi He H3yHaeM Taxne Gojiee o6iHHe HanajibHbie ycjioBna, no- 
TOMy hto, Kor,n,a B3anMo^6HCTBH3 Mexc/xy no^cHCTeMaMH cymecTByeT, HanajibHbie 
ycjioBHH, Bbi6paHHBie b pa3Hbie momchtm BpeMHii fljia pa3Hbix no,n;cHCTeM, He MoryT 

6bITB 3a^aHBI npOH3BOJIBHO. A HMeHHO, flJIH TaKHX HaHajIbHBIX yCJIOBHH, 3a^;aHHbix B 

pa3Hbie MOMeHTbi BpeMeHH, nocjie^oBaTejibHoe penieHne jxHHaMHnecKHx ypaBHeHHii 
^BHJKeHHH He MOJKeT jj;a:ace cymecTBOBaTb. H jj;a:>Ke Korjj;a Taxoe penieHne cymecTBy- 
eT, He H3BecTHo, Kax ^;oKa3aTb ero cymecTBOBaHHe hjih xax Haft™ sto penieHne b 
HHCJieHHofi cpopMe. 

Tenepb mm mojkcm noH2Tb, noneMy cTpejia BpeMeHH ymiBepcajibHa. IlycTb ecTb 
ncflCHCTeMa, y KOTopoft ecTb CTpejia BpeMeHH HanpaBjieHHaa npoTHBonojio>KHO Ha- 
nieii o6meH CTpejie BpeMeHH, h 3Ta noflcncTeMa hjih Ha6jnoji,aeTC5i, hjih He HaGjnojxa- 
eTCH HaMH. Ecjih oHa He HaGjnpnaeTCJi, to sto He HapymaeT toto (paicra, hto Hama 
CTpejia BpeMeHH KaaceTCH yHHBepcajibHoft HaM. Ecjih OHa Ha6jnoja;aeTC5i, Torjj;a OHa 

B3aHMOJj;eHCTByeT C HaMH. A STO B3aHMO^eHCTBHe npHBO^HT K TOMy, HTO 3TH CTpejIbI 

BpeMeHH He MoryT GbiTb npoTHBonojioaoiMMH b TeneHHe jjpjiroro BpeMeHH. B jiio6om 
cjiynae - to, hto mm Ha6jnoflaeM, ^ojijkho HMeTb to ace caMoe HanpaBjieHHe BpeMeHH 
(, hto h Hame (xpoMe, bo3mo>kho, oneHb KopoTKoro BpeMeHHoro HHrepBajia). 3to 
no^;o6Ho paccyjK^eHHio b [6], c toh Baxoioft pa3HocTbio, hto Hame paccy>Kjj;eHHe He 
6a3HpyeTca Ha KBaHTOBoft MexaHHKe. 

B ocTaroiHiixca: pa3^ejiax mm no^TBep>Kjj;aeM sth HHTyHTHBHbie H^en 6ojiee ko- 

JIHHeCTBeHHMM aHajIH30M. 

0.3 CTaTHCTHHecKaa (J)H3HKa E[peo6pa30BaHH5i EleKapa 

IIpeo6pa30BaHHJi IleKapH (fljia Gojiee jj,eTajibHoro aHajiH3a cmotph IipHjioaceHHe 
[T]) oTo6pa>KaeT jno6yio Tonxy eiXHHHHHoro KBa^paTa Ha ^pyryio Tonxy Toro »ce 
caMoro KBa/xpaTa. Mm H3ynaeM Ha6op iV >> 1 Taxnx Tonex (Ha3MBaeMbix "na- 
cthhcimh'' ) , KOTopbili /xBHJKeTca: no/j; B03Jj;eHCTBHeM IIpeo6pa30BaHHH IleKapa. 3to 
HBjiHeTCH "HrpynieHHOH"MOJj;ejibio fljia "ra3aKOTopbift oGjia/raeT bccmh thhhhhmmh 
CBOHCTBaMH KjiaccHHecKHx TaMnjibTOHOBbix o6paTHMMx fleTepMHHHpoBaHHbix xao- 
THHecKHx cHCTeM. ^eflcTBHTe jibho , H3-3a ero npocTOTM, IIpeo6pa30BaHHH IleKapH 
ninpoKo Hcnojib3yeTC5i b TaKHX uejiax [22-25J. 

0.3.1 MaKpocKonHHecKaa SHTponna h SHTponna aHcaiviGjra 

Hto6m onpe^ejiHTb yn,o6Hbift Ha6op MaKpocKonHiecKHx nepeMeHHbix, mm jj;ejiHM 
e/XHHHHHMH KBa^paT Ha 4-pe paBHbix no/xKBa/xpaTa. IlycTb 4-pe nepeMeHHbix iVi, 
A^2, N3, N4, o6o3HanaioT hhcjio "nacTHu/'B cooTBeTCTByioinHx no/XKBa/xpaTax. Ohh 

H 3BJI5IIOTC5I MaKpOCKOnHHeCKHMH nepeMeHHMMH JIJIS HaHieft CHCTeMM. (EcTb, KOHeH- 

ho, MHoro ^pyrnx yjjoGHbix cnocoGoB onpe/iejiHTb MaKpocKonHiecKHe nepeMeHHbie, 
ho o6iHHe cTaTHCTHnecKHe 3aKOHOMepHocTH He jiojijkhm 3aBHceTb ot stoto Bbi6opa) . 
MaKpocKonHHecKaa sHTponna S m iiaHHoro MaKpococTOHHHH onpe/iejiHeTCii hhcjiom 

pa3JIHHHMX MHKpOCOCTOHHHH, COOTBeTCTByiOHi;HX 3TOMy MaKpOCOCTOSHHK), H OnHCM- 

BaeTca cjieflyiomeH cpopMyjioii 

k=i v 7 fc=i v 7 

3Ta 3HTponHH MaxcHMajibHa, Korjj;a pacnpejj;ejieHHe HacTnu, paBHOMepHo, Kor^a S m 
paBHa S™ a * = iVlog4. . B to BpeMs sHTponHH MHHHMa jibHa , Korjj;a Bee nacTHi^M 
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Haxo^HTCH b o,hhom noflKBaflpaTe, T.e. xor^a S m = 0. 

IlycTB (x, y) do6o3HaHaioT Koop^HHaTBi tohkh Ha e^iiHiiiHOM KBa^paTe. Ha cpn- 

3HHCCKOM H3BIKe 9TO COOTBeTCTByeT nOJIOJKeHHK) HaCTHHbl B 2-MepHOM (pa30BOM 

npocTpaHCTBe. JXjir N HacTHii, mbi paccMaTpiiBaeM cTaTHCTHiecKHH aHcaM6jiB c 
njioTHocTbio BepoHTHoc™ p(xi,yi, . . . ; x N , Un', t) Ha 2N pa3MepHoe <pa30Boe npo- 
CTpaHCTBo. 3^ecB t i- BpeMeHHoii napaMeTp, kotopbih HMeeT ^HCKpeTHbie 3HaneHHH 
t = 0, 1, 2, . . . f^jiH Ilpeo6pa30BaHHH IleKapH. Tor^ia sHTponnji aHcaM6jin onpe,n;e- 
juieTCH KaK 

S c = - J p(x 1 ,y 1 ;...;x N ,y N ;t) log p(x 1 ,y 1 ; x N ,y N ;t) dX, (2) 

r^e 

dX = dxi dyi ■ ■ ■ dx^ dyjq. (3) 

B o6meM cjiynae, p h S c hsmchhiotch b npouecce sbojhohhh, onpe^ejiaeMOH IIpeo6- 
pa30BaHHeM IleKapH, h 3aBHcsiT ot HanajiBHofl p. O^Haxo, ecjin HanajiBHaa: cpyHKHHs: 
njioTHocTH BepoHTHocTH HMeeT (popjvry 

p(x 1: yi;...; x N , y N ) = p(x 1 ,y 1 ) ■ ■ ■ p(x N , y N ), (4) 

KOTopaa COOTBeTCTByeT HeKoppejinpoBaHHOH cpyHKHHH hjiothocth, Tor^a (pyHKirHH 

njIOTHOCTH BepOHTHOCTH OCTaeTCH HeKOppejIHpOBaHHOH B npOH,eCCe ^ajIbHeHHiefl 3BO- 
JIK5HHH. 

Tax, HanpHMep, paccMOTpHM (pyHKHHio p(xi,yi), KOTopaa paBHOMepHa b npe- 
,ziejiax HeKOTopofi no^oGjiacTH E (c ruiomaflbio A < 1) e^HHHHHoro KBa^paTa, h 
oSpamaeTca b HyjiB 3a npe^ejiaMH S. flpyrmwa cjioBaMH, nycTB 

f l/A for ( Xl ,yi) inside E, 

p{x b y h t) - | Q for ^ ^ outgide ^ [b) 

B 3tom cjiynae 

S c = -(£) log(£) A N = N\ogA. (6) 

Tax KaK A dA He H3MeHHeTCH b npouecce sbojhohhh, onpe^ejiHeMofi IIpeo6pa30Ba- 
HHeM IleKapH, to h S e HBjiaeTCH nocTOHHHOH b npouecce sbojhohhh, onpeuejiaeMOH 
Ilpeo6pa30BaHHeM IleKapH. 3tot npniviep HjijnocTpHpyeT, hto S e HBjiaeTCH cpaKTH- 

HeCKH nOCTOHHHOH flJIH npOH3BOJIbHOH HaHajIBHOH (pyHKHHH. ^OKa3aTejIBCTBa, 

no3BOJibTe HaM pa3,n;ejiHTb e^HHHHHbiH 2iV-MepHbiH suxhk Ha Gojibnioe kojikhcctbo 
He6ojibHiHx oGjiacTeii E a , ^jih Ka:>K,ii;oH H3 kotopmx BepoHTHocTb paBHa p a B npon;ecce 
sbojhohhh Kaac^aH oGjiacTb S a H3MeHsreT cpopMy, ho ee 2iV-MepHaH ''njioinaub 1 ' A a 
ocTaeTca HeH3MeHHOH . KpoMe Toro, BepoHTHocrb p a Ha hoboh oGjiacTH S a TaKace 
ocTaeTcs HeH3MeHHoii. Cjie^oBaTejibHo, SHTponnsi aHcaMGjia S e — — J2 a A^ p a logp a 
ocTaeTca HeH3MeHHon TaKJKe. 3to - ocHOBHan Hues uHCKpeTHoii Bepcnn ,noKa3aTejib- 
CTBa, ho h HenpepbiBHan Bepcnn mojkct 6biTb c^ejiaHa no^;o6HbiM TKe cnocoGoM. 

0.3.2 CooTBeTCTByroiiiHe h HecooTBeTCTByioiuHe MaKpocKoniiHGCKiiG ne- 

pGMGHHBIG 

MaKpocKonHHecKHe nepeMeHHbie, onpe^ejieHHbie b npe^bi^ymeM noppasflfijie hmciot 
cjieflyiomne CBoiicTBa: 

1. ,TI,JIH 6ojIbHIHHCTBa HaHajIbHblX MHKpOCOCTOHHHH , HMeroiHHX CBOHCTBO S nl < 

S™ ax , S m yBejiHHHBaeTCH no^i; ^eiicTBHeM Ilpeo6pa30BaHHH IleKapH. 
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2. ,2TjIH GojIbniHHCTBa HanajiBHBix mhkpococtohhhh, HMeiOUXHX CBOHCTBO S m = 
S"™ 1 ", S m ocTaeTca nocToaHHon nofl j^encTBneM IIpeo6pa30BaHHH IleKapH. 

3. ,TI,Ba, onucaHHBix Biine cBoncTBa ocTaioTca b cnjie, Kor^a Ilpeo6pa30BaHH5i Ile- 
Kapa ^onojiHeHO HeGojiBiHHM inyMOM. 

Ha30BeM MaKponepeMeHHBie, HMeioinne 3th CBoncTBa, no,nxo,ri;5nii;HMH MaKponepe- 

MeHHBIMH. (Offil HBJI5HOTCJI " IIOflXOfl2IHHMH " B CMBICJie, HTO COOTBeTCTByiOIUHH MaK- 

pocKonnnecKHH 3aKOH yBejinneHna SHTponnn MoaceT 6bitb nojiyneH tojibko, Kor^a 
MaKponepeMeHHBie noBHHyioTcs sthm CBoncTBaM.) 

Othio^b He jho6oh pa3yMHBifi BBi6op MaKponepeMeHHBix HBjiaeTcs: no/xxo^ainnM. 

3TO MOJKHO npOHJIJHOCTpHpOBaTB npHMepOM. Pa3^ejIHM eiXHHHHHBIH KBa^paT Ha 2 M 

cflHHaKOBBix BepTHKajiBHBix nojioc (M ^> 1)). Mbi onpe^ejiaeM HOBoe MHOJKecTBO 
MaKponepeMeHHBix KaK HOMepa nacTHii, b KaJK^on H3 sthx nojioc. IIo^;o6ho cpopMyjie 
(CQ), cooTBeTCTByioni;a5i MaKpocKonnnecKaH SHTponna 



2 M 

k=i v 7 
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rjj;e - hhcjio nacTnn; b nojioce k. BBi6epeM cjie/xyiomee HanajiBHoe ycjiOBne: ra3 
paBHOMepHo pacnpeflejieH b HeneTHBix BepTHKajiBHBix nojiocax, b to BpeMa KaK neT- 
HBie nojiocBi nycTBi. Tor/xa fljia 9Toro HanajiBHoro ycjiOBHa BBinojiHsieTCH S m < S 1 ™^ 
. Ilpn 3tom, b TeneHne ^ojiroro BpeMeHH sbojiiohhh chctcmbi, ocymecTBjiaeMoft b 
cooTBeTCTBHH c IIpeo6pa30BaHHeM IleKapa, S m He yBejinnnBaeTCH hh fljia KaKoro 
HanajiBHoro mhkpococto3hh3, cooTBeTCTByiomero 3TOMy HanajiBHOMy MaKpococTO- 
hhhio . B TeneHne stoh sbojiiohhh hhcjio 3anojiHeHHBix nojioc yMeHBHiaeTca, a n 
hx TOJiuiHHa yBejinnnBaeTca, noKa tojibko o/XHa TOJicTaa 3anojmeHHaa BepTHKajiB- 
Haa nojioca He ocTaeTca. Tojibko nocjie Toro, KaK sto npon30H,n;eT, S m HannHaeT 
yBejiHHHBaTBca. Cjie/xyeT oGparaTB BHHMaHne, hto sbojiiohhji no HanpaBjieHnio k 
e^HHCTBeHHon nojioce mojkct 6bitb jierKO pa3pynieHa He6ojiBniHM B03Mym;eHHeM. 

TaKHM o6pa30M, mbi bhjxhm, hto BepTHKajiBHBie nojiocBi npHBo/XHT k Heno/xxo- 
jxhuihm MaKponepeMeHHBiM. B npoTHBonojio>KHOCTB 3TOMy, ropn30HTajiBHBie nojio- 
cbi npnBO^HT k no/xxo/XJiiirHM MaKponepeMeHHBiM. (0/XHaKO, MaKponepeMeHHBie, nc- 
nojiB30BaHHBie b ([I]), Bee >Ke Gojiee cno/xxo^flinne, noTOMy hto ohh npHBo/xJiT k 
HaMHoro 6ojiee GBicTpoMy pocTy S m .) 3Ta acnMMeTpna MejK^y BepTHKajiBHBiMH h 
ropn30HTajiBHBiMH nojiocaMH - cjiejj;cTBHe xapaKTepHofi acHMMeTpnn caMoro Ilpe- 

o6pa30BaHHH IleKapH OTHOCHTejIBHO BepTHKajIBHOH H ropH30HTajIBHOH KOOpiXHHa- 

tbi. 3Ta acHMMeTpna nojj;o6Ha acnMMeTpnn MejK/xy KaHOHnnecKHMn KoopjxiiHaTaMH 
h HMnyjiBcaMH b TaMnjiBTOHe KjiaccnnecKon MexaHHKH jj,jia mhothx peajiBHBix cn- 
CTeM. A HMeHHo, fljia peajiBHBix cncTeM raMHjiBTOHOBBi cpyHKHHH coja;ep>KaT TOJIBKO 
jioKajiBHoe B3anMOJj,encTBne Mexc/xy nacTnii;aMH, rjj;e jioKajiBHocTB noixpa3yMeBaeT 
6jih3octb no Koop^HHaTe, a He no HMnyjiBcy. 

HaKOHen;, oGpaTHM BHHMaHne, hto sbojiiohhh MaKpocKonnnecKHX nepeMeHHBix 
Nk(t), k = 1,2, 3, 4, , Hanxo/jHTca ycpe/iHeHHeM no aHcaM6jno cjie;a;yioni;HM o6pa30M 

N k (t) = N k (x 1 ,yi;...;x N ,y N -,t)p(xi,yi-,...;x N ,y N ;t)dX. (8) 



0.3.3 Orpy6jTeHiie 

KaK mbi yjKe CKa3ajin, SHTponna aHcaM6jiH (b OTjinnne ot MaKpocKonnnecKon 3HTpo- 
nnn) - Bcerjj,a KOHCTaHTa b TeneHne sbojiiohhhh, onpejj;eji5ieMOH IIpeo6pa30BaHHeM 



IleKapa. O^Haxo, xotcjiocb 6bi hmctb Mo^ncpHirnpoBaHHoe onpe^ejieHHe sHTponnn 
aHcaM6jia, npn kotopom sHTponHH yBejiHHHBajiacb 6bi no^o6Ho k MaKpocKonnne- 
ckoh snrponnn. TaKaa MO,n,H(pHKanHH oGecneHHBaeTca orpyGjiemieM, KOTopoe mo- 
>KeT 6bitb o6ecneneHo BBe^eHHeM orpy6jieHHon cpa30Bon (pyHKirnn njioTHocTH Be- 

P02THOCTH. 



p max (x x , y x ] ...;x N ,y N ) = J A(x x - x x , y x - y' x ; . . . ; x N - x' N , y N - y' N ) 

x p(x[,y[; . . . ;x' N ,y' N )dX', (9) 

r,n,e A oTjinnHa ot Hyjia b HeKOTopoii oGjiacTH X' = 0,0;...;0,0. TaKHM o6pa30M, 
orpyGjieHHaa sHTponna aHcaMGjiH 

S c c oar = - [ P^ixuyx] ...;x N , y N ) log p coar (x x , y x ; ...;x N , y N ) dX. (10) 



KoHeHHo, (pyHKirna: A mojkct 6biTb BBi6paHa mhothmh cnocoGaMH. fla^HM TenepB 
HecKOJiBKo npHMepoB. 

IlepBBiH npHMep - orpyGjiemie BojiBUMaHa , onpe^ejiaeMoe cjie,zryioiiiHM o6pa30M 

p coax (x x ,y x ; . . . ;x N ,y N ) = p(x x ,y x ) ■ ■■p(x N ,y N ), (11) 



p(x x , y x ) = J p(x x , yi,...; x N , y N ) dx 2 dy 2 ■ ■ ■ dx N dy N , (12) 

H aHajiorHHHo rjih ,zrpyrHx p(xi,yi). 

/IpyroH npiiMep - H30TponHHecKoe orpy6jieHHe HMeiomee cpopivry 

A(x x - x' x , y x - y' x ; . . . ; x N - x' N , y N - y' N ) = 
A(x x - x' x )A(y x -y' x )--- A{x N - x' N )A{y N - y' N ). (13) 

Eme o^hh npHMep - orpyGjieHHe IIpHrojKHHa |22j 

A(x x - x' x , y x - y[; . . . ; x N - x' N , y N - y' N ) = A(y x - y[) ■ ■ ■ A(y N - y' N ), (14) 

KOTopoe HBjiaeTca aHH30TponHBiM orpyGjieHHeM b^ojib cjKHMBiroinero HanpaBjieHHH 
V- 

HaKOHeii, no3BOJiBTe HaM ynoMHHaTB orpyGjiemie, ocHOBaHHoe Ha pa3,nejieHHH 
cHCTeMBi Ha ,n,Be MeHBHine B3aHMo^eHCTByroiHHe no^cHCTeMBi. OrpyGjieHHaa 3HTpo- 
nna aHcaMGjiH rjis nojiHofl chctcmbi onpe^ejieHa kbk apncpMeTHHecKaa cyMMa HeorpyG- 
jieHHBix 3HTponHH aHcaM6jiH 3thx ero no^cHCTeM. Taxaa orpyGjieHHaa sHTponnsi 
HrHopnpyeT KoppejiaiiHH Mexc^y no^CHCTeMaMH. 

Bee 3th THnBi orpy6jieHHe HMeioT cjie^yromee cbohctbo: Ecjih HanajiBHoe mhk- 
pococToaHHe TaKOBO, hto MaKpocKonHHecKaa SHTponHH yBejiHHHBaeTca, to orpy6- 
jieHHas 3HTponH5i aHcaM6jiH TaK>Ke 6yn;eT yBejiHHHBaTBca ^jia 3Toro HanajiBHoro 
MHKpococTOHHHa. IIpH 3TOM, orpyGjieHHe IIpHrojKHHa HMeeT cjie^;yioH];He npeHMy- 
mecTBa nepe^i; orpy6jieHHeM BojiBn;MaHa h H30TponHBiM orpy6jieHHeM: 

Bo-nepBBix, ecjin B3HTB pacnpe^ejieHHe HanajiBHBix mhkpococtoshhh Taxoe, hto 
ero MaKpocKonHHecKHa SHTponna yMeHBrnaeTCH. Tor^a SHTponna cooTBeTCTByioH^e- 
ro aHcaM6jia, orpy6jieHHaa no IlpHro>KHHy He yMeHBHiaeTca. B to >Ke BpeMH, 3H- 
TponHH aHcaMGjiH, orpyGjieHHaa no BojiBn;MaHy hjih corjiacHo H30TponHOMy orpy6- 
jieHHio, 6y^eT yMeHBinaTBca. 
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Bo BToptix, npe^;nojio>KHM, hto 3a^aHo pacnpe^ejieHHe HanajiBHBix MHKpoco- 
ctoshhh Taxoe, hto ero MaKpocKonniecKasi BHTponna yBejiHHHBaeTca. TenepB pac- 
cmotdhm HexoTopoe " 3aKJiK)HHTejibHoe " cocTOHHne (Ha3MBaeMoe ^ajiee hcxo^hbih 
aHcaM6jib) c 6ojibhioh MaKpocKonHHecKoft sHrpomieH, 6jih3koh k MaKCHMajiBHoft. 
Ilocjie ^ocTHaceHHa chctcmoh 3Toro 3aKjnoHHTejiBHoro coctohhhh, paccMOTpuM no- 
jiyneHHoe H3 Hero HOBoe HHBepcHoe cocTOHHHe, HMeiomero o6paTHyio bo BpeMemi 
sbojiiohhio (3to ^ocTHraeTca npocTo chmmctphhhbim npe6pa30BaHHeM oTHocHTejib- 
ho ^naroHajiH e^HHHHHoro KBa^paTa c nepeMeHoii MecTaMH Koop^HHaT x h y). To- 
r^,a SHTponna aHcaMGjia, nojiyneHHoro nocjie TaKoro "o6paru;eHHJi"H orpy6jieHHaH 
no IlpHrojKHHy, cxaHKOM yMeHBinaeTca (no OTHonieHHio k orpy6jieHHon SHTponnn 
"Heo6pam;eHHoro"Hcxo^i;Horo aHcaMGjiH, H3 KOToporo OHa nojiyneHa sthm "oGparne- 
HneM"). B to TKe BpeMH, SHTponna: aHcaM6jra, orpy6jieHHaH no BojiBHMaHy hjih 
H30TponHOMy orpy6jieHHio, ocTaeTCH noHTH HeH3MeHHon. 

TaKHM o6pa30M, orpy6jieHne ilpnrojKHHa o6ecnennBaeT, caMoe a^eKBaTHoe onn- 
caHne 3aKOHa yBejinneHna sHTponnn aHcaM6jiH 6e3 bchkhx ^onojmnTejiBHBix npe^- 
nojio>KeHHH. Tax, HanpnMep, htoGbi nojiynnTB tot ace caMBin pe3yjiBTaT c orpyGjie- 
HneM BojiBHMaHa, Heo6xo^HMo 6bijio 6bi ncnojib30BaTb ^onojiHHTejiBHoe npe,zrnojio- 
aceHne, Ha3BiBaeMoe "rnnoTe3on MOJiexyjiapHoro xaoca"3aKjiK)naioineHCH b 3aMeHe 
p(xi,yt] x 2 , 2/2) na p(x 1 ,y 1 )p(x 2 , y 2 ) b ypaBHeHnn flBHJKeHnsi fljia p(x, y, t). 

0.4 34)(J)eKT cjia6oro B3aHMO^eftcTBHa 
0.4.1 Majibie BHeniHHe B03MymeHH5i 

Poct SHTponnn aHcaMGjiH MoxceT 6bitb ^ocTnmyT ^aace 6e3 orpyGjieHHH, nyTeM 
BBe^eHHH HeGojitnioro BHenmoro B03MymeHHH b Ilpeo6pa30BaHHe ITeKapH. Bo3My- 
meHHe ^ojijkho 6bitb ^ocTaTonHo He6o jibihhm , hto6bi He yHHHTOJKHTB pocT Max- 
pocKonnnecKon SHTponnn, ho b to ace caMoe BpeMH, ^ojijkho 6bitb ^ocTaTOHHO 
chjibhbim, hto6bi npe^oTBpaTHTB o6paTHBie npon;eccBi n B03BpaTBi IlyaHKape. ,H,Ji5i 
GojiBniHHCTBa TaKHx B03Mym;eHHH KanecTBeHHBie ocoGemiocTH 3bojiiohhh He 3aBHCHT 
cymecTBeHHo ot ,n;eTajiBHoro BH^a B03My meHHJi . 

CymecTByioT ,zrBa MeTOfla, kotopbimh BHenmee B03MymeHHe MoxceT 6bitb BBe- 
^;eHo. O^hh MeTo,n; coctoht b tom, hto6bi bbccth HeGojiBHioft BHeniHnn cjiynanHBin 
niyM. MaKpocKonnnecKne npou,eccBi c yBejinneHneM MaKpocKonnnecKott SHTponnn 
ycTOHHHBBi no OTHonieHHio k TaxoMy niyMy. O^Haxo, njionia^B o6jiacTH onpe,n;e- 
jieHHH cpyHKHHH cpa30BOH njioTHocTH Gojibnie He aBjiHeTca HHBapnaHTOM no OT- 
HOnieHHIO k B03MymeHHOMy Ilpeo6pa30BaHHio IleKapH. 3thm mcto^om BHTponna 
aHcaiviGjiH Mo>KeT yBejinnnBaTBca. 

,HpyroH MeTOfl coctoht b tom, hto6bi bbccth cjia6oe B3aHMo^eHCTBne c oxpy- 
jKaioiHeii cpe^on (kotopoh mojkct cjiyacHTB n "HaGjno^aTejiB 1 '). CHOBa, MaKpocito- 
nnnecKHe npon;eccBi c yBejinneHneM MaKpocKonnnecKOH SHTponnn ycToiinHBBi, ho 
njiom;a^i;B oGjiacTH onpe^ejieHHH cpyHKii;HH cpa30BOH hjiothocth GojiBHie He HBjiaeT- 
cs HHBapnaHTOM no OTHonieHHio k B03Mym;eHHOMy Ilpeo6pa30BaHHio IleKapH. Cjie- 
^oBaTejiBHo, 3HTponHH aHcaMGjia Mo»ceT yBejiHHHBaTBCH. O^Haxo, Taxaa cncTeMa 
GojiBrne He H30JinpoBaHa. Tenepb OHa nacTb Gojibnieft cncTeMbi, pa3^;ejieHHOH Ha flBe 
ncflCHCTeMBi. Cjie^oBaTejiBHo, xax Gbijio y>Ke oGt-hchcho b Pa3^;ejie I0.3.3[ orpy6jieH- 
HaH sHTponna aHcaMGjia fljia nojiHofl cncTeMbi MoaceT 6bitb onpe^ejieHa Kax cyMMa 
Heorpy6jieHHBix sHTponHH MHoacecTBa ero no^cncTeM. B cjie^yioHi;eM no^;pa3flejie 
Mbi H3yHHM cjiaGbie B3aHMo^;eHCTBHH c oKpy>Kaiorii;eH cpe^ofl Gojiee no^;po6Ho. 
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0.4.2 Cjia6oe BsaiiMOfleiiCTBHe h flesopramisaioHfl coctohhhh c npoTii- 
Bonojio>KHbiMH CTpejiaMH BpeivieHH nOflCHCTeM 

,H,jih ^ajibHeiiinero Heo6xo^HMO BBi6paTB HeKOTopoe oupe^ejieHHoe B3aHMO,neflcTBHe 
Me>K^;y ^ByMH "ra3aMH". B oTcyTCTBHH B3aHM0,n;eHCTBHfl, Kanc^iBifl H3 hhx sbojhohh- 
omipyeT corjiacHO IIpeo6pa30BaHHio IleKapji. Mbi noMemaeM ^Ba c^hhhhhbix KBa^- 
paTa o,ti;hh Ha,n; ,n;pyrHM h onpeflejiaeM B3aHMo,neflcTBHe c MaKCHMajiBHBiM paccTo- 
HHHeM a TaKHM o6pa30M, hto, Me>K^;y ^ByMH nocjie^oBaTejibHBiMH inaraMH Ilpe- 
o6pa30BaHHJi LleKapH, Bee caMbie 6jiH3KHe napBi nacTHH, (c paccTonmieM Meac^y 
HacTHii,aMH, MeHBiiiHM hgm a ) oGMeHHBaioTCH MecTaMH. (Bojiee ^eTajIBHO, MBI CHa- 
najia Haxo^HM napy caMBix 6jih3khx HacTHn; (c paccTOHHiieM Meac^y nacTHiiaMH , 
MeHBniHM hgm a ) h o6MeHHBaeM hx MecTaMH. Ilocjie 3Toro, Mbi Haxo^HM BTopyio 
napy caMBix 6jih3khx nacTHii; (c paccroHHHeM Mexc^y lacrimaMii , mchbhihm neM cr 
, h oTjiHHHBie ot paHee ynce Haii^eHHBix nacTHii,) h oGMeHHBaeM hx MecTaMH TaioKe. 
Mbi noBTopjieM 3Ty npoH,e,nypy Tex nop, noxa He ncnepnBiBaiOTCH Bee Taxne na- 
cthhbi.) 3th B3anMo^eiicTBHH onpe^ejinioTCH tojibko Me>K^;y nacTHi^aMH jiejKamHMH 
b pa3JiHHHBix no^cncTeMax. Taxoe B3aHMo^encTBHe He 3aTparnBaeT ^BHJKeHHe na- 
cthh,, ho BBi3BiBaeT nepeMeniHBaHHe Meac^y ^ByMH no^cncTeMaMH. OSpaTHM TaioKe 
BHHMaHHe, hto Taxoe nepeMeniHBaHHe He Be^eT k napa^oxcy rn66ca, Tax Kan mbi 
paccMaTpHBaeM sth ^Ba e^HHHHHBix KBa^paTa kbk ^Be pa3JiHHHBie no^cncTeMBi. 
MaKpocKonnnecKan SHTponnn onpe^ejieHa nan cyMMa MaKpocKonnnecKHX SHTpo- 
nHH 3THX flByx no^CHCTeM. 

TenepB no3BOJiBTe HaM paccMaTpeTB cjiynaii, b kotopom cTpejiBi BpeMeHH sthx 
flByx ncflCHCTeM HMeioT oflimaKOBoe HanpaBjieHHe. JlpoHeccBi, b kotopbix MaKpocKo- 
nHHecKHe SHTponnn sthx ^Byx noflcucTeM yBejiHHHBaeTCH , hbjihiotch ycToflHHBBiMH 

HO OTHOHieHHK) K B3aHMO^eHCTBHIO. TaKHM o6pa30M, 60JIBHIHHCTBO HH3K03HTponHH- 

hbix HanajiBHBix ycjiOBHii Be^eT k pocTy MaKpocKonHHecKofl SHTponnn o6enx no,n;- 
cucTeM, Tax nee xax nojiHoii CHereMbi. 

Tohho Tax ace, ecjin mbi o6pamaeM onncaHHBiH BBinie npon;ecc c yBejinneHneM 
MaKpocKonHnecKoii sHTponiiii, mbi nojiynaeM cucTeMy, b KOTopoii MaKpocKoniiHe- 
CKaa SHTponHH o6enx no^CHCTeM, TaK TKe k&k nojiHoii ciictcmbi yMeHBHiaeTCH. B 
3tom cMBicjie, B3aiiMo^eficTBiie He pa3pyniaeT ciiMMeTpino Meyupy ^ByMH HanpaB- 
JieHHHMII BpeMeHii. 

TenepB no3BOJiBTe HaM paccMOTpeTB caMBift iiHTepecHBiii cjiynaii, b kotopom 
SHTponHH yBejiHHHBaeTCH b nepBoii no^CHCTeMe h yMeHBnieHHJix bo BTopofi. Ha- 
lajiBHoe cocTosiHiie nepBoii no^cncTeMBi o6jia,naeT HH3Koii sHTponnefl (HanpnMep, 
Bee HacTHinj Haxo^HTCH b HeKOTopoM He6ojiBnioM KBa^paTe OKOJIO TOHKH (0, 0) eflH- 
HiiiHoro KBa^paTa). AHajiornnHo, BTopaa noflcncTeMa o6jia^;aeT Hii3Koii sHTponneii 
(HanpnMep, Bee HacTHn;bi Haxo^HTCJi b HeKOTopoM HeGojiBnioM KBa^paTe okojio toh- 
kii (1,1) e^HHHHHoro KBa^paTa) b kohchhom coctohhhh. 

Ecjih 6bi He Gbijio HiiKaKoro B3aiiMo^eiicTBii5i, to KOHeiHoe cocTOHHHe nepBoii 

nO^CHCTeMBI 6BIJIO 6BI BBICOKO-SHTPOIIIIHHBIM COCTOHHIieM , COOTBeTCTByiOIU;iIM nOHTH 

paBHOMepHOMy pacnpe^ejieHHio nacTHn;. AHajioranHo, HanajiBHoe cocTOHHHe BTopoii 

CHCTeMBI 6BIJIO 6BI BBICOKO-SHTponHHHBIM COCTOHHIieM TOH JKe CaMOH CpOpMBI. 

O^Haxo onHcaHHBie BBinie penieHHH c ^ByMH npoTHBonojioncHBiMH CTpejiaMH Bpe- 
MeHii GojiBHie He 6y,n;yT penieHHHMH, Kor,n;a B3aHMo^eHCTBHe npncyTCTByeT. B 6ojib- 
niHHCTBe cjiynaeB, BsaHMo^eiicTBHe cMeniHBaeT nacTHn;Bi Menc^y no^cncTeMaMH. 
Hhcjio penieHHfl co B3aHMo^eficTBHeM, KOTopBie HMeioT Te ace HanajiBHo-KOHeHHBie 
ycjioBHH, onncaHHBie BBinie , HBjiHeTCH oneHB HeGojiBniiiM, (paKTiinecKii HaMHoro 

MeHBIIIIIM, HeM MHCJIO TaKIIX penieHHfl B OTCyTCTBHH B3aHMO^eflCTBHH. 

rio3BOJiBTe c^ejiaTB nocjieflHee yTBepnc^eHHe Gojiee KOJiHHecTBeHHBiM. Llocjie HeneT- 
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Horo HHCJia oGmchob Meac^y noflcucTeMaMn HacTHH,a npoxo^HT k /xpyroft no,n;cHCTe- 
Me. AHajiorHHHo, nocjie neTHoro HHCJia Taxnx oGmchob, oHa ocTaeTCH b toh ace 
caMoii no^cHCTeMe. BepoHTHocTH fljia sthx ^Byx coGbithh paBHBi p = 1/2 h He 3a- 
bhcht ot /xpyrnx HacTHn;, no KpafiHefl Mepe, npH6jiH3HTejiBHo. ,U,ajiee, mbi mojkcm 
yTBepjK^aTB, hto CMeniHBaHHe Meac^y sthmh /XByMH no^cncTeMaMH He3HaHHTejiB- 

HO B HaHajIBHBIX H KOHeHHBIX COCTOHHHHX, nOCKOJIBKy SHTponHH 9THX ^ByX nOfl- 

CHCTeM coBepnieHHo pa3JiHHHBi. Mbi xothm bbihhcjihtb BepoHTHocTB He6ojiBnioro 
CMeniHBaHHH ^jih KOHeiHoro coctohhhh, npn ycjroBHH, hto CMeniiiBamie HBjiaeTCH 

He6ojIBIIIHM B Ha^ajIBHOM COCTOHHHH. ,ZIjIH Onpe^ejieHHOCTH Mbi 6yHeM CHHTaTB, HTO 

CMeiniiBaHiie hbjihctch HeGojiBirriiM, ecjrn hhcjio HacTHii, N t , nepeine^innx H3 o^hoh 
no^CHCTeMy b ,/xpyryio, HBjiHeTCH hjih N t < N/4, hjih N t > 3N/4. (BcnoMHHM , 
hto o6ivieH lacTiiuaMii - tojibko scpcpeKT B03Myrri;eHHH, TaKHM o6pa30M nepeMeinn- 
Bamie He MosceT 3aBHceTB hh ot KaKoii ,/xpyroH nepeMeHHoft, KpoMe N t . OaKTopBi 
1/4 h 3/4, KOHeHHo, BBiGpaHBi npoH3BOJiBHo, ho mbi ycTaHaBjiHBaeM hx Tax, hto6bi 
nojiyHHTb HeKOTopBie KOHKpeTHBie pe3yjiBTaTbi b npocToii htotoboh cpopMe. Kane- 
CTBeHHbie pe3yjiBTaTBi, KOTopBie oTcio^a cjie^yioT, He 3aBHCHT ot 3Toro KOHKpeTHoro 
BBi6opa. ) 

TaKHM o6pa30M, bcpohthoctb ^aHa coBoxynHBiM GHHOMHajibHbiM pacnpe^ejie- 
HHeM F(N t ; N, 1/2), onHCBmaeMBiM 



r,ne \_k\ HBjisieTcsi caMBiM 6ojibhihm irejiBiM hhcjiom, MeHBHie neM hjih paBHBiM k. 
OyHKi^HH F(k;n,p) , ynoBjieTBopneT HepaBeHCTBy 



CoCTOHHHe C npOTHBOnOJIOJKHBIMH cTpejiaMH BpeMeHH no^cHCTeM He ^;e3opraHH30- 
BaHo, Korjj;a N t < N/4 or N t > 3N/4. BepoHTHocTB stoto paBHa 



51cho, hto 9Ta BepoHTHocTB yMeHBHiaeTCH no 3KcnoHeHTe c yBejiHieHHeM N. 3to 
03HaHaeT, hto Taxan BepoHTHocTb npeHe6pe>KHMo Majia jj;jih 6ojibrnoro N. Cjie,n;o- 
BaTejiBHo, noHTH GeccnopHo mojkho yTBepxc^aTB, hto npon;eccBi c npoTHBonojiojK- 
hbimh CTpejiaMH BpeMeHH Gyiryr ,ne3opraHH30BaHBi. 

B onncaHHOH BBinie Mo^ejin, mbi Hyxc^aeMCH b noHTH paBHOM nncjie nacTHii b 
3thx ^Byx no^cHCTeMax, htoGbi ^;e3opraHH30BaTB coctohhhh c npoTHBonojioacHbi- 

MH CTpejiaMH BpeMeHH. 3TO CBH3aHHO C TeM, HTO O^Ha HaCTHII,a MOJKeT BJIHHTB Ha 
^BHJKeHHe TOJIbKO O^HOH 6jIH3KOH HaCTHHBI. fljIH Gojiee peajIHCTHHeCKHX B3aHMO^eH- 
CTBHH O^Ha HaCTHIi;a MOJKeT BJIHHTB Ha ^BHJKeHHe GojIBHIOrO KOJIHHeCTBa COCe^HHX 

nacTHii;, hto 03HaHaeT, hto ^aace oneHB He6ojiBHioe KOJinnecTBO nacTHii b o^hoh 
CHCTeMe MOJKeT pa3pyniHTB npon;eccBi c yMeHBHieHHeM SHTponnn ^;jih ^pyroii ch- 

CTeMBI. 

0.4.3 ^eKoppejiHii,HH b CHCTeivie c BsaHMOfleficTBHeM 

TaMnjIBTOHOBBI CHCTeMBI OnHCBIBaiOTCH He TOJIBKO MaKpOCOCTOHHHHMH, HO TaKJKe H 
CJIOJKHBIMH HejIHHefiHBIMH KOppejIHIi;HHMH MeJK^y MHKpOCOCTOHHHHMH. 3tH KOppe- 

jihii;hh OTBeTCTBeHHBi 3a o6paTHMOCTB. BsaHMO^eiicTBHe Meac^y ^ByMH no^cncTe- 
MaMH pa3pyniaeT sth KoppejiHii;HH b no^cncTeMax, ho nojiHaa CHCTeMa ocTaeTCH 




i=0 



(15) 




(16) 



2F(N/4;N,l/2) < 2e~ N/8 . 



(17) 
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o6paTHMofi, to ecTb, KoppejiHHHH noHBjraioTca: b nojiHofi CHCTeMe. TaKHM o6pa30M, 
^eKoppeji5in;H5i b no^cncTeMax pacnpocTpaHaeT KoppejiHHHH Ha nojmyio CHCTeMy. 
(3tot npoijecc - KjiaccHHecKHft aHajior jj,eKorepeHHHH b KBaHTOBoft MexaHHKe). 

IIo3BOJIBTe HaM H3JIOJKHTB 3TH KaHeCTBeHHBie H^eH B 6ojiee KOJIHHeCTBeHHOH 

cpopMe. JlnHeflHaH KoppejranHH (KoppejiHirna: IiiipcoHa) HMeeT noBe^eHHe, oneHB 
noppGnoe noBe^erfflio HejiHHeftHBix KoppejraiiHH, onncaHHoro Bbirne. E/jHHCTBeHHasi 
pa3HHu;a b tom, hto sth jiHHeftHBie KoppejisuHH yMeHBinaioTca co BpeMeHeM. B3a- 
HMo^elicTBHe, KOTopoe mm npefljioxcmiH, mojkct 6bitb annpoKCHMnpoBaHo cjiyHaft- 
hbim inyMOM c aMnjiHTy^ofl, cooTBeTCTByiomeH paccTOHHHio B3aHMOiJ,eHCTBHH Me:»yry 

HaCTHII,aMH. 

IIo3TOMy, MBI OJKH^aeM, HTO B3aHMOIJ,eHCTBHe He TOJIbKO BBI3BIBaeT BBipaBHHBa- 

HHe CTpeji BpeMeHH, ho TaK>Ke Be^eT k 3aTyxaHHio KoppejiaiiHH, KOTopoe nponc- 
xoiiht ^aace Gojiee 3HaHHTejibHo, neM sto 6e3 B3aHMo/j,eHCTBHH (Pa3ij;eji l.l.5p . Bo 
BpeMH 3Toro npouecca sbojiiohhs: no^CHCTeM CTaHOBHTca Heo6paTHMOH, ho nojmaa: 
CHCTeMa ocTaeTca o6paTHMon. 

Mm Mo>KeM KOJiHHecTBeHHo HafiTH BejiHHHHy 3Toro 3aTyxaHH3 KoppejiauHft, bbi- 
HHCJ1351 KoppejisHHio rinpcoHa pjm Haninx noireHCTeM, onHCbiBaeMyio 

r(m) = - C{m) , (18) 
v/C(0)(C-(0))' 

r^e (C m (0)) )> - ojKH^aeMaa ixHcnepcHH cjiynaHHOH BejiHHHHBi x, bbihhcjtchhoh 
nocjie m HTepauHfi OTo6pa3ceHHH. /JncnepcEfl C m (0) mojkct 6bitb BBiHHcneHa Kax 
as 

c m (o) =J2 [ ( 2mx -J- ( x ) + S f dx > ( 19 ) 



3=0 j2 -m 



rpe S - cjiynafiHoe hhcjio, onpe^ejieHHoe k&k S = ^2^=0 ^ fc Cfc- 3flecb (k - He3aBHCH- 



Moe h oixHopoixHO pacnpe^ejieHHoe cjiynaHHoe hhcjio c HyjieBMM cpeiiHHM h ixHcnep- 
CHeii a 2 , KOTopoe Mo^ejinpyeT BjiHHHHe B3aHMO^,eHCTBHH Ha sbojiiohhio chctgmm. 
Ilocjie KopoTKoro BBiHHCjieHHa mm nojiynaeM 



m—l 

(C m (0)> = C(0) + (S 2 ) = C(0) + 2 k+k '((k(k>). (20) 

fe,fc'=0 

Hcnojib3ya cjie/ryiomee cbohctbo He3aBHCHMbix h o/xhopoixho pacnpe^ejieHHbix cjiy- 
HaiiHMx b6jihhhh (CfcCfc') = ^uk 1 ® 2 -, Mhl nojiynaeM 

(C™(0)> = C(0) + — g— a 2 . (21) 

5Icho, hto B3aHMo^eHCTBHe yBejiHHHT 3aTyxaHHe Kax MHHHMyM jiHHeHHbix Koppe- 
jmhhh, noTOMy hto 

2 m 

r(m) = - (22) 
y/1 + 4(2 2m - l)a 2 

O/XHaKo ^jia nojiHofl cncTeMM KoppejiairHH rinpcoHa r(m) = 2~ m ocTaeTca toh jKe 
caMofi. Tax k&k (S 2 ) 1 ^ 2 ^ojiaceH 6biTb HaMHoro MeHbiHHM, neM pa3Mep cncTeMM 

(e^HHHHHMH KBa^paT), MM MOJKeM 3 aK JHO HHTb , HTO HaHIH npeflnojio>KeHH3, npHBO- 

flsmiie k ([22D, npaBHjibHM tojibko j^jih (S 2 ) = [(2 2m - 1) /3]cr 2 < 1 and a 2 /2- 2m < 1. 
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Phc. 1: HanajiBHaoe pacnpe^ejieHHe HacTHii; b momcht t — 1. 
0.4.4 HiicjieHHoe MOflejiiipoBaHHe 

IIoKa, mbi Hcnojit.30BajiH jihhib o6niHe a6cTpaKTHt>ie apryMeHTBi. B stom no^pa3- 
,n;ejie mbi noftn;ep>KHM bth apryMeHTBi kohkpcthbim hhcjichhbim Mo^ejinpoBaHneM. 
Mbi HMeeM JXBe no,n,cHCTeMBi (MapKupoBamibie KaK 1 h 2), Kaac^aa c Ni = N2 = 
300 nacTHii. 3th /jse no^cncTeMbi 3aHiiMaioT ^Ba e/XHHHHHBix KBa^paTa. Hto6bi 
onpe^ejiHTb orpyGjieHHyio snrponHio, Kaxc/jBiH c^thhhhhbih KBa^paT pa3^ejieH Ha 
16 x 16 = 256 He6ojiBinHx KBa/xpaTOB. TaKHM o6pa30M, sHTponna: KajKJjpH H3 bthx 
jj;Byx no^cHCTeM ,n,aeTCH 

512 

S i = -N i Y / fk,ilogf k>i , (23) 

k=l 

r^e % = 1,2, /^j = n^i/Ni h hbjihiotcs hhcjiom nacTHii; b cooTBeTCTByioiUHX 
MajieHBKHx KBa^paTax. AHajiorHHHo, nojiHaa sHTponna: onpe^ejiaeTca KaK 

512 

S = -( Nl + N 2 )J2fklogf k , (24) 
fc=i 

rfle f k = (n M + 7^,2)/ (iVi + i\T 2 ) 

^I,ji5i cHCTeMBi 1 mbi BBiGnpaeM HanajibHoe cocTOHHHe c HyjieBoii sHTponneH b t = 
1 (cm. Phc.[T]). Tohho Tax :ace, jjjih CHCTeMBi 2 mbi BBi6npaeM " KOHeiHoe " coctohhhc 
c HyjieBoii sHTponnefi b t — 6.. Taxne HanajiBHBie ycjioBHH oGecnenHBaioT, hto b 

OTCyTCTBHH B3aHM0^6HCTBHH S"i iyBejiHHHBaeTcn CO BpeMeHeM, B TO BpeMH KaK S2 

yMeHBrnaeTca co BpeMeHeM rjik t < 6. 

Hto6bi H36e>KaTB incjieHHBix npo6jieM, hbjihioiiihxch pe3yjiBTaTOM kohchhoh 
tohhocth KOMnBioTepHoro npe^cTaBjieHHH pauHOHajiBHBix HHceji, (I2"7j) 3aMeHeHo Ha 
x' = ax — \_ax\, y' = (y + [accj )/2 c a = 1.999999. Pe3yjiBTaTBi hhcjichhoto Mo,n;ejiH- 
poBaHHS npe^CTaBjieHBi b Phc. [2] h Phc. [3J 

HT06BI BKJHOHHTB 3(p(peKTBI B3aHMO^eHCTBHH, MBI Onpe^ejIHeM B3aHMO^eHCTBHe 

cne,n;yioiixHM o6pa30M. (Pa^H BBinncjiHTejiBHoro y^;o6cTBa bto onpe^ejieHo HeMHoro 
no-flpyroMy, neM b Pa3,ri,ejie 10.4.21 ) ). (BsaHMO^eflcTBHe, HcnojiB3yeMoe b pa3^;ejie 
?? BBi6paHo TaK, hto6bi c^ejiaTB aHajiHTHnecKHe mcto^bi pacneTa 6ojiee npocTBi- 
mh, b to BpeMH KaK b cyHi;ecTByioHi;eH ceKHHH oho BBiGpaHo TaK, htoGbi ^ejiaTB 
HHCJioBBie BBiHHCJieHHH 6ojiee npocTBiMH.) Mbi 6epeM hc6ojibhioh ^Hana30H B3an- 
MOJj,eHCTBHH r y = 0.01 b y-HanpaBjieHHH, KOTopBifl, no cy™, HBjiHeTCH napaMeTpoM, 
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Phc. 2: 3bojiiohhji SHTponnn 6e3 B3aHMO,n,eHCTBHH. 
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Phc. 3: 3bojhohhh SHTponmi npn B3aHMO^eflcTBHH. 
onHCBiBaiomHM cjiaGocTB B3aHMo^,eficTBHH. (BcnoMHHM, hto y h x hbjihiotcji aHa- 

JIOraMH KaHOHHHeCKOH KOOpflHHaTBI H KaHOHHHeCKOrO HMnyjIBCa, COOTBeTCTBeHHO, 

b TaMMjiBTOHOBOM cpa30BOM npocTpaHCTBe) . B3aHMo^,eilcTBHe o6MeHHBaeT caMBie 
6jiH3KHe napBi Tax >Ke k&k b Pa3^ejie I0.4.2[ ho TenepB "caMoe 6jiH3Koe''oTHocHTCH 
k paccTOHHHio b ?/-HanpaBjieHHH, h HeT HHKaKoro oGMeHa, ecjiH caMoe 6jiH3Koe pac- 
CToaHHe 6ojiBine neM r y . KpoMe Toro, TenepB B3aHMOfleiicTBHe onpe^ejieHo TaKHM 
o6pa30M, hto tojibko x-Koop^HHaTBi HacTHu, oGMeHHBaioTca. BBi6npaji Te ace ca- 
MBie HanajiBHBie ycjioBHH b t = 1 Kax b cjiynae oTcyTCTBHH B3aHM03aBHCHMocTH 
(Phc. [1]), pe3yjiBTaTBi nncjieHHoro Mo^ejinpoBaHHa c B3aHMo,neHCTBHeM npe,ri,CTaB- 
jieHBi Ha Phc. [3j Mbi bh^hm, hto c B3aHMo,n;eHCTBHeM (Phc. [3]) S2 S2 HanHHaeT 
yBejiHHHBaTBCH b Gojiee paHHee BpeMs, neM 6e3 B3aHMo,n,eHCTBH5i (Phc. [2]). 

HaKOHen;, mbi ^aeM npHMep CHMMeTpHHHoro pa3BHTHH BpeMeHH npn B3aHMO,n;eH- 
ctbhh. /fyiH 3toh H,ejiH, mbi BBiGnpaeM HyjieByio SHTponnio HanajiBHoro coctohhhh 
b t = h fljia cHCTeMBi 1 h ^jih cHCTeMBi 2. ,U,Ba HanajiBHBix pacnpe^ejieHHH na- 
cthh, (fljia A B Y X no^cHCTeM) npn HyjieBofi sHTponHefi pa3JiHHHBi. B nacTHocTH ohh 
pacnojio>KeHBi b npe^ejiax ppyx pa3JiHHHBix MajieHBKHx KBa^paTOB, Tax hto noji- 
Haa HanajiBHaa 9HTponHH GojiBHie, neM hojib. Pe3yjiBTaT HHCJioBoro Mo^ejinpoBaHHa 
npe^cTaBjieH Ha Phc. HI Mbi bh^hm, hto penieHHe hbjihctch chmmctphhhbim npn 
HHBepCHH BpeMeHH t — > — t. 
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Phc. 4: CuMMeTpniHasi sbojuohhh SHTponnii npn B3aHMO,n,eHCTBHH. 



0.5 BbiBo^bi 

B 3toh cTaTbe mm Hcnojit30BajiH "Hrpyine T iHyK)"MOflejib, ocHOBaHHyio Ha Ilpeo6- 
pa30BaHHH IleKapa, hto6bi npo^eMOHCTpupoBaTB oco6eHHOCTH, KOTopBie, cnpaBefl- 

JIHBBI flJIH oGlUHX CHCTeM, OnHCaHHBIX oGpaTHMOfi raMHJIBTOHOBOfl MexaHHKoii. Hc- 
HO, flJIH TaKHX CHCTeM MOJKHO CB060/XHO BBl6paTB HJIH KOHeHHBie, HJIH HanajiBHBie 
yCJIOBHH, HO HCJIB3H CBoGo/XHO BBl6paTB CMeHiaHHBie HaHajIbHO-KOHeHHBIX yCJIOBHH. 

HanajibHO-KOHenHBix ycjiOBHH - bto ycjioBHH, npn kotopbix KaHOHHHecKHe napa- 
MeTpbi rjik ojxhoh nacTH HacTHH, onpe,n;ejieHM b HaHajibHbifl momcht BpeMeHH, a fljia 
flpyroR nacTH - b kohchhbih momcht. J\jiii MHornx CMeniaHHbix HanajibHO-KOHenHbix 
ycjioBHH He cymecTByeT cooTBeTCTByiouxero penieHHH (/yifl TaMnjibTOHOBbix ypaB- 
hchhh /xBHscemis). Tohho Tax >Ke, KaK jjjth Harnett "nrpyuieHHoft MOflejiHfljiH 6ojib- 

HIHHCTBa TaMnjIbTOHHaHOB CO CJia6bIMH B3aHMO^eHCTBHeM, HHCJIO penieHHH c ^aH- 
HMMH KpynH03epHHCTMMH HaHajIbHO-KOHeHHMMH yCJIOBHHMH HaMHOrO MeHbHie, HeM 
HHCJIO peHieHHH C TOJIbKO KpynH03epHHCTMMH HaHajIbHMMH yCJIOBH2MH, HJIH TOJIbKO 

KpynH03epHHCTMMH KOHe hhmmh ycjiOBHHMH. 3to o6b.HCHHeT, noneMy, npaKTHHecKH, 
mm HHKor^a He Ha6jno,n,aeM noflcucTeMM c npoTHBonojio>KHMMH cTpejiaMH BpeMeHH, 
to ecTb, noneMy cTpejia BpeMeHH yHHBepcajibHa. 

B HeKOTopoM cMbicjie, ^e3opraHH3an;HH coctohhhh c npoTHBonojio>KHMMH CTpe- 
jiaMH BpeMeHH noji;o6Ha spro/XHHHocTH. 06a cBoficTBa cnpaBejj,jiHBM bo Bcex npax- 
THHecKHx cHTyauHHx, oniiaKo ohh He hbjihiotch tohhmmh 3aKOHaMH. Ohh BepHM 
fljia GojibHiHHCTBa peajibHbix chctcm, ho KOHTp-npHMepbi MoryT Bcer/i;a 6biTb Hafi- 
/j;eHLi [26|I27|. KpoMe Toro, o6a cBoiicTBa KaacyTCH HHiyHTHBHo ohcbh^hmmh, ho 

JI,OKa3aTb HX CTporO OHeHb Tpy/XHO. JJ,JIS SprO/XHHHOCTH COOTBeTCTByK>UIHM CTporHM 

pe3yjibTaTOM hbjihctch KAM (KojiMoropoB-ApHOJib/i;-Mo3ep) TeopeMa, b to Bpe- 
mh KaK fljia ji;e3opraHH3aii;HH coctohhhh c npoTHBonojio>KHMMH CTpejiaMH BpeMeHH 
TaKan CTporaa TeopeMa OTcyTCTByeT. 

HaniH pe3yjibTaTM TaKace pa3peniaioT " npoTHBopeHHe " Mestixy "Hoboh ,H,HHaMH- 
Koii " ripHrojKHHa (o6cy3KfleHHOH b Pa3/i;ejie IU.3.31 H3 ,n,aHHOH pa6oTbi) h kom- 
MeHTapneM Bricmont [2B] • A HHaMHKa B3aHMon,eHCTByioiixHx no,n,CHCTeM mojkct 6biTb 
pa3/i;ejieHa Ha JXBa THna fliiHaMHK: 

1. 06paTHMyio Hji;eajibHyio iXHHaMHKy, paccMaTpHBaeMyio othochtcjibho Koop- 

JXHHaTHOrO BpeMeHH, KOrji;a SHTponHH MOJKeT HJIH yMeHbHIHTbCH HJIH yBejiH- 



2. HeoGpaTHMyio HaGjno^aeMyio iXHHaMHKy, paccMaTpHBaeMyio othochtcjibho xa- 
paKTepHBix CTpeji BpeMeHH B3aHMO/i;eHCTByioiixHX noji;cHCTeM, othochtcjibho 



HHTBCH. 
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KOTopbix SHTponna MoaceT TOJibKO yBejiHHHBaTbca, kbk yace noKa3aHO Bbiine. 

B paMKax 3toh TepMHHOJiorHH "HoBaa /^HHaMHKa" LIpHrojKHHa |22] hbjihctch o/xhoh 
H3 cpopM Ha6jiioflaeMoii jxiiHaMHKH , b to BpeMH KaK cTaTbH Bricmont [28J paccMaT- 
pHBaeT H^eajiBHyio jxHHaMHKy. B HacTHocra, HaGjiio^aeMaa ^HHaMMa He BKjnonaeT 
B03Bpaiu;eHH5i IlyaHKape h o6paTHMocTb, KOTopBie hbjihiotch ^chctbhtcjibho HeHa- 
Gjiio^aeMBiMH peajiBHBiM HaGjiio^aTejieM. 3to flejiaeT ee Gojiee npocToft, hcm H^e- 
ajiBHaa flHHaMMa. OflHaKo, b npHHinine, 06a rana flHHaMHKii npaBHjibHM. 

3to paccyjK^eHHe mojkct Taxace 6bitb npHMeHeHo k HHTepnpeTanHH hhcjiobmx 
pe3yjibTaTOB b Pa3^;ejie. 10.4.41 KaK Phc. [21 Tax h pnc. [3] noKa3MBaioT, hto cTpejia 
BpeMeHH, onpe^ejieHHaa nojmoH sHTponnefl, nojiHocTBio oGparuaeTcs: b HeKOTopbiii 
MOMeHT BpeMeHH. 3to o6pam;eHHe cooTBeTCTByeT onncaHHio H^eajiBHofi flHHaMHKOH. 
Ho MOJKeT jih 6bitb HaGjno^aeMo Taxoe oGparneHHe? Pa/xii KOHH,enTyajibHOH hchocth 
mm noflnepKHBaeM, hto Ha6jno,i];aTejii> - tojibko o/jHa H3 noflcucTeM, h paspenseM bo- 
npoc Ha Tpn pa3jiHHHbix. IlepBoe, mojkct jih Ha6jnojj;aTejiB Ha6jno,n,aTb oGparneHHe 
CBoefl co6cTBeHHBiH cTpejiBi BpeMeHH? Bo- btopbix, Ha6jiK)flaTejib Mo>KeT Ha6jiiojj;aTB 
o6pam;eHHe CTpejibi BpeMeHH ero nojiHoro oKpyaceHHH? TpeTbe, mojkct jih HaGjuo- 
flaTejib Ha6jnoflaTb oGparneHHe CTpejibi BpeMeHH Majiofl nacTH oKpyacaiorneH ero 
cpe,n;M? 

Otbct Ha nepBMH Bonpoc - HeT, noTOMy hto Ha6jnoflaTejib ecTecTBeHHMM 06- 
pa30M onpeflejiaeT CTpejiy BpeMeHH KaK HanpaBjieHHe, b kotopom ero co6cTBeHHaa 
3HTponHH yBejiHHHBaeTCH. A HMeHHo, Ha6jnoflaTejib nyBCTByeT cy6b.eKTHBHMH onbiT 
noTOKa BpeMeHH, noTOMy hto KaJK/xbiH pa3 oh HMeeT ^ocTyn k ero naMara o hckoto- 
pbix co6mthhx, KOTopbie He cjiynaioTCH npHMo cefiHac. Taxne coGmthh ecTecTBeHHo 
HHTepnpeTHpyioTCH KaK ero "nponijioe". Mojkho yTBepsc^aTb, hto naMHTb mojkct 
pa6oTaTb, TOJibKo Korjj;a 3HTponHH yBejiHHHBaeTcn b HanpaBjieHHH ot 3anoMHHaeMo- 
ro cjiynaa po BpeMeHH BcnMHHaHHH ero (cm., HanpHMep, [20J). Tohho TaK >Ke /xpyrne 
npon;eccbi b M03ry (hjih KOMnbioTepe) TaKxce, KaaceTCH, TpeGyioT yBejiHHeHHH sh- 

TponHH fljia HX HOpMajIbHOrO CpyHKUHOHHpOBaHHH (cm. TaKJKe TaKHM o6pa30M, 

oacHflaeTca, hto cyGb-eKTHEHbili onbiT Ha6jnoflaTejia o noTOKe BpeMeHH Bcer^a cob- 
na^aeT c HanpaBjieHHeM, b kotopom sHTponHH Ha6jnoflaTejis yBejiHHHBaeTCH. 

Otbct Ha BTopofl Bonpoc - noHTH HaBepHHKa hct, noTOMy hto, ecjin nojmaa 
oKpy>KeHHe Ha6jno,n,aeTca, Tor^a oho B3aHMOfleflcTByeT c Ha6jnoii,aTejieM, h, cjie- 
flOBaTejibHo, hx CTpejibi BpeMeHH HMeioT TeHfleHHHio 6biTb coHanpaBjieHM, KpoMe, 

B03MOJKHO, OHeHb KOpOTKOrO BpeMeHH, Heo6xOflHMOrO PJIK npOHeCCa BbipaBHHBaHHH 

HanpaBjieHHH. 

Otbct Ha TpeTHft Bonpoc wEorpa pa, ho o6mhho hct. A hmchho, HeKOTopbie 
cneiniajibHbie chctcmm (HanpHMep, cnnH-sxo, o6cyacflaeMoe b Pa3Jiejie. ??) mojkct 
cjiaGo B3aHMOfleiicTBOBaTb c hx OKpyacaiorneH cpepoPi h Bee erne coxpaHHTb CTpejiy 
BpeMeHH npoTHBOHanpaBjieHHOH OKpyacaiorneH cpe^e OTHOCHTejibHO flojiroe BpeMH. 
TaKne cnen;HajibHbie chctcmm - OTHOCHTejibHO MajieHbKHe nacTH nojiHofi oKpy>Kaio- 
m;eH cpeflM, h Ha6jnoji;aTejib mojkct 3aMeTHTb, hto TaKaa no^cncTeMa HMeeT CTpejiy 
BpeMeHH npoTHBonojio>KHyio cTpejie BpeMeHH 3Toro Ha6jnoflaTejifl. ^eficTBHTejibHo, 
nocKOJibKy mm y>Ke o6t.hchhjih b Pa3flejie. 10. 2\ Hanin pe3yjibTaTM, ocHOBaHHbie Ha 
BepoHTHocTHbix paccyacfleHHHx pjia GojibninHCTBa cncTeMa h He noflpa3yMeBaioT, 

HTO a6cOJHOTHO HCB03MOJKHO HaGjIIO^aTb nOflCHCTeMy, B KOTOpOH SHTponHH yMeHb- 

maeTCH. Ohh TOJibKo o6t.hchhiot, noneMy TaKne chctcmm, KaK oacHflaeTCH, 6yzryT 
oneHb peflKHMH, hto cooTBeTCTByeT HanieMy KaacflOflHeBHOMy onbiTy. 

TecHo cBH3aHHoe c BMHieH3Jio>KeHHMM Ha6jnofleHHe - 3to to, hto Hanin pe3yjib- 

TaTM He HaXOJ^HTCH B npOTHBOpeHHH C CymeCTBOBaHHeM flHCCHnaTHBHblX CHCTeM [29J 

(TaKHx KaK, HanpHMep, onpeflejieHHbie caMoopraHH3yioriiHecji GnojiorHnecKne chctc- 
mm), B KOTOpOM SHTponHH nOJ^CHCTeMM MOJKCT yMeHbUIHTbCH CO BpeMdieM, HCCMOT- 
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pa Ha to, hto SHTponiia OKpyacaiomen cpeflti yBejinnHBaeTCH. 3HTponna nojiHofi 

CHCTeMBI (BKJIIOHaiOmeH KaK SHTponilK) ^HCCHnaTHBHOfl CHCTeMBI, Tax h oKpy>Ka- 

romen cpe^Bi) yBejiHHHBaeTca, hto oTBenaeT 3aKOHy yBejiHneHHH snrponHn. /Jjih 
TaKnx CHCTeM TiiniiHHO, hto B3anM0^6HCTBne c OKpyacaiomen cpe,n;oH CHJTBHO, B TO 
BpeMa KaK pe3yjiBTaTBi Harnefl cTaTBH o6pamaioTCH k cjiaGbiM B3aHMo^eflcTBHHM 
Me>K/i;y no^cHCTeMaMH. HanpHMep, fljia cyuxecTBOBaHnsi jkhbbix opraHH3MOB, Heo6- 
xoflHM Gojibihoh noTOK SHeprnn ot Cojnma. He6ojiBniofi noTOK SHeprnn ot 3Be3,n 
He ^ocTaToneH pjiz >kh3hh, ho ^ocTaToneH rjik ^eKoppejiHirnn h fljia: BBipaBHH- 
BaHHH cTpeji BpeMeHH. B pa6oTe [6J: npHBo^HTCH HHTaTa: "O^HaKo, HaGjuo^aTejib 
HBjiHeTCH MaKpocKonHHecKHM no onpe^ejieHHio, h Bee OT^ajieHHO BsaHMOfleftcTBy- 

K)DXHe MaKpOCKOnHHeCKHe CHCTeMBI CTaHOBHTCH KOppejIHpOBaHHBIMH OHeHB Gbictpo 

(HanpHMep, Borel 3aMenaTejiBHO bbihhcjihji, hto, nepeMemeHne o^Horo rpaMMa Ma- 
Tepnajia no 3Be3fle Cnpnyc Ha o^hh MeTp MoxceT bjihhtb Ha TpaeKTopHH HacTHii; b 
ra3e Ha 3eMjie Ha BpeMeHHbix MacniTa6ax nopn^Ka MHKpoceKyH^ |30|)." 

Bjiaro^apHOCTH 

Mbi Gjiaro^apHM aHOHHMHoro pen,eH3eHTa 3a pa3jiHHHbie H^en, no3BOJiHBHiHe ynyn- 
hihtb KanecTBo h hchoctb H3Jio>KeHH5i . Pa6oTbi H.N. h V.Z. 6bijih noftn;ep>KaHbi 
MnHHCTepcTBOM HayKH pecnyGjiHKH XopBaTHH corjiacHo KoHTpaKTaM HoMep 098- 
0982930-2864 h 098-0352828-2863, cooTBeTCTBeHHo. 

E[pHJIO>KeHHe 

.1 OcHOBHbie CBoficTBa E[peo6pa30BaHHH rieKapa 

B 3tom npnjiojKeHHH Mbi npe^cTaBjiHeM HeKOTopbie ocHOBHbie CBoficTBa IIpeo6pa- 
30BaHHH IleKapH. Bojibine ^eTajieii MOJKeT 6biTb Hafl^eHo, HanpHMep, b [31 J. 

.1.1 Onpe^ejieHne ripeo6pa30BaHH5i rieKapn 
PaccMOTpHM GnHapHyio cHMBOJinnecKyio nocjie^oBaTejibHocTb. 

• • • S-2, S-i, So; Si, 5*2, 5*3 .. . (25) 
6ecKOHenHyio c o6enx ctopoh. TaKan nocjie^oBaTejibHocTb onpe^ejiaeT ^Ba Berne- 

CTBeHHblX nncjia 

x = 0.SiS 2 S 3 . . . , y = O.SqS^S^ — (26) 

IIocjie^oBaTejibHocTb MoxceT 6biTb nepeMemeHa oGparaMo oTHocnTejibHo tohkh c 
3anaTon b o6ohx HanpaBjiemiax. Ilocjie jieBoro cflBHra mbi nojiynaeM HOBBie j\evi- 
CTBHTejIBHBie nncjia 

x' = 2x-L2xJ, y' = ^(y+[2x\), (27) 

r,n;e \_x\ hbjihctch caMBiM 6ojibihhm n;ejiBiM hhcjiom, MeHBnie neM hjih paBHBiM x. 3to 
oTo6pa>KeHHe e^HHHHHoro KBa^paTa b ce6a Ha3BiBaioT Ilpeo6pa30BaHHeM IleKapH. 

y Ilpeo6pa30BaHHH IleKapn ecTB ecTB npocTas: reoMeTpnnecKaa HHTepnpeTannsi , 
npe^cTaBjieHHaa b Phc. [5J TaM (a) - HanajiBHaH KOHcbHrypannji, n (c) 3aKjnoHHTejib- 
Han KOH(pnrypan;HH nocjie o^hoh HTepannn Ilpeo6pa30BaHHH IleKapH, c npoMe>Ky- 
tohhbim niaroM, npeflCTaBjieHHbiM b (b). HacTB (d) npe^cTaBjiHeT 3aKjnonnTejiBHyio 
KOHcbnrypannio nocjie flByx HTepaixnn. 
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(a) 



(b) 



(c) 



(d) 



Pnc. 5: reoivieTpHHecKaa HHTepnpeTainifl Ilpeo6pa30BaHHH IleKapH. (a) HanajibHan 
KOHcbnrypairHH (b) OflHopoiXHoe cacaTne b BepTHKajibHOM HanpaBjieHHH h pacnin- 
pemie b ropii30HTajiBHOM HanpaBjieHHH Ha BejinnHHy cpaKTopa 2 (c) HroroBaa koh- 
(pHrypaniiH nocjie oTpe3aHHH npaBofl hojiobhhbi h ee noMemeHHH Ha jieByio (d) 
HToroBoe KOH<pHrypanH5i nocjie ppyx HTepainiH. 

.1.2 HecTaGnjibHbie nepiiofliiHecKiie op6iiTbi 

IIepHoja;HHecKHe cHMBOJinnecKHe nocjiejj;oBaTejibHocTH (0) h (1) cooTBeTCTByioT Heno- 

,/XBHJKHMM TOHKBM (x,y) = (0,0) H (x,y) = (1, 1)), COOTBeTCTBeHHO. IlepHoj^HHecKas 

nocjieflOBaTejibHocTb (10) cooTBeTCTByeT jj;ByxnepHOJj;HHHOH op6nTe {(1/3, 2/3), (2/3, 1/3)}. 
H3 nepnoj^HHecKOH nocjie,noBaTejibHocTH . . . 001; 001 . . . mm nojiynaeM {(1/7, 4/7), (2/7, 2/7), (4/7, 1/7)}. 
Tohho Tax »ce H3 . . . 011; 011 .. . mm nojiynaeM {(3/7, 6/7), (6/7, 3/7), (5/7, 5/7)}. 
JI1060H x h y MoryT GbiTb annpoKCHMHpoBaHM npoH3BOJibHO xoponio 0.X . . . X n 

H O.Yq • • • Y m , COOTBeTCTBeHHO, npH yCJIOBHH, HTO 11 H m HBJIHIOTCH Jj;OCTaTOHHO 6ojib- 

hihmh. IlosTOMy nepHo^HHecKaH nocjiejj;oBaTejibHocTb (Y m . . . Y X . . . X n ), mojkct 

npH6jIH3HTbCH K JII060H TOHKe e/XHHHHHOrO KBa,HpaTa npOH3BOJIbHO 6JIH3KO. TaKHM 

o6pa30M, MHOJKecTBo Bcex nepno^HHecKHx op6nT jj;aeT njioTHoe mhojkcctbo Ha e/xn- 
hhhhom KBajj;paTe. 

.1.3 SproflHHHOCTb, nepeMeniHBaHHe, h coxpaHemie njiomaflii 

H3-3a pacTHJKeHHH b ropH30HTajibHOM HanpaBjieHHH, Bee 6jiH3Kne tohkh pacxo/iHT- 
ch no SKcnoHeHTe no,a, fleiiCTBHeM HTeparniii Ilpeo6pa30BaHH5i IleKapH. Ilpn sthx 
HTepar^HHx jno6aa cjiynaHHas: cnMBOJinnecKasi nocjie,a;oBaTejibHocTb npnGjinxcaeTCH 
npoH3BOJibHo 6jih3ko k jiioGoh TOHKe e/XHHHHHoro KBaflpaTa. Boo6iHe, Taxoe apro/xii- 
necKoe cbohctbo mojkct Hcnojib30BaTbCH, hto6m 3aMeHHTb cpeflHee no "BpeMeHn"(yl) 
cpe,a;HHM no "aHcaMSjno" 



r^e dp(x, y) sbjihctch nHBapnaHTHoii Mepoii h p(x, y) nHBapnaHTHan njioTHocTb fljia 
Ilpeo6pa30BaHHH IleKaps. /Ijih IIpeo6pa30BaHHH IleKapH, p(x,y) = 1. 

Ilofl fleiicTBHeM HTeparniH Ilpeo6pa30BaHHJi IleKaps: jno6as: o6jiacTb oToGpaaca- 
eTCH b pafl y3KHX ropn30HTajibHbix nojioc. B kohchhom cneTe, ohh 3anojiH5iioT paB- 
HOMepHo Becb ej^HHHHHMH KBa#paT, hto h cooTBeTCTByeT nepeMeniHBaHHio. Tohho 
Tax yae o6paTHbie HTeparniH OTo6pa:scaiOT oGjiacTb b y3Kne BepTHKajibHbie jichtm, 
KOTopan TaKJKe cooTBeTCTByeT nepeMeniHBaHHio. 

Bo BpeMH 3thx HTeparniH He H3MeHHeTCH njioma^b o6jiacTb. 3to cbohctbo - 
3aKOH coxpaHeHHH njioma^ni oGjiacTH fljia Ilpeo6pa30BaHHH IleKapH. 




n 
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.1.4 rioKa3aTejiH CTeneHH ilanyHOBa, C5KHMaK)in;Hec5i h p acTHriiBaio- 
m,HecH HanpaBjieHHH 

Ecjih x^ h HMeioT paBHBie nepBbie /c /jBOHHHBie HiicppBi, to ji,jih for n < k, 

4 2) - *?> = 2«(4 2) - *?>) = - 4V° g2 , (29) 

rae A = log 2 mBjiaeTca nepBbiM nojio>KHTejiBHBiM noKa3aTejieM cTeneHH JlanyHOBa 
fljia IIpeo6pa30BaHHJi IleKapH. Cjie^oBaTejiBHo, paccTosmne Me:>Kii;y ^ByMH 6jih3kh- 
mh opGnTaMH yBejiHHHBaeTCH no 3KcnoHeHTe c yBejiHHemieM n, h nocjie k iHTeparniH 

CTaHOBHTCH nopH/XKa 1. 3TO CBOHCTBO Ha3BIBaiOT lyBCTBHTejIBHOCTBK) K HaiajIBHBIM 

ycjiOBHSM. H3-3a SToro CBoftcTBa, Bee nepiioixiiHecKHe opGiiTBi HeycToftHiiBBi. 

Tax Kax njioinaiXB o6jiacTB coxpaHaeTca, pacTHJKemie b ropii30HTajiBHOM Ha- 
npaBjieHHH, oGcyjK^eHHaa BBirne, no,zrpa3yMeBaeT, hto HexoTopoe HanpaBjieHiie caca- 

TIIH TaKJKe flOJIJKHO CyrneCTBOBaTB. ,U,eHCTBHTejIBHO, SBOJUOUHH B BepTHKajIBHOM Ha- 

npaBjieHHH y oGpaTHa 3bojhou;hh b ropH30HTajn>HOM HanpaBjieHiiii. Ecjih (x^\y^) 

I (2) (2k (1) (2) 

ii (x ,y$ ) jibjijiiotcji jjByMH TOHKaMH c x — x , Tor/xa 

y^ - „« = 2"«( 2/ f - y V) = (y« - yV)<*-W (30) 

Cjie^oBaTejiBHo, A = — log 2 2 - sto BTopoii oTpimaTejiBHBift noxasaTejiB cTenemi 
JIjinyHOBa fljia IIpeo6pa30BaHiTH IleKapH. 

.1.5 3aTyxamie KoppejiinjnH 

Tax Kax x- HeycToftHHBoe HanpaBjieHne, SBOjnornifl b stom HanpaBjieHHH npiiBo/xiiT 
k 3 aTy xaHHio KoppejinrriiH. CpeflHfla KoppejiHirHOHHaa cpyHKn,H5i C(m) fljia nocjie- 
,n;0BaTejiBH0CTH Xk o6bihho onpeflejiaeTca Kax 

1 n 

C{m) = lim - y~] (x k - (x)) {x k+m - (x)) , (31) 

k=l 

rjj;e (x) = lim X)fr=i x k/n. KoppejiHiriiii Moryr 6bitb Gojiee jierxo bbihhc jieHBi , ecjm 
ii3BecTHa HHBapiiaHTHasi Mepa fJ,(x), b stom cjiynae 

C(m) =J{x-(x)) (f m (x) - (x)) d»{x), (32) 

r^e f m (x) — x m - <py HKii^Hii , KOTopaa oToGpaacaeT nepeMeHHyio x Ha ee o6pa3 nocjie 
m HTepai^HH IIpeo6pa30BaHHJi IJeKapH. ,U,jih Ilpeo6pa30BaHHH IleKapH dfj,(x) = dx, 

TaKHM 06pa30M, MBI MOJKeM HanHCaTB 



C{m) = ( x ~{ x )) (2"^ -3- ( x )) dx, (33) 



3=0 

KOTOpBIH npiIBO/XHT K 

2 m -l r q 9 / 9 \ n (j+l)2- 



c{m) = ky - ( 2m (^) + (^» y + ( x ) 2x ~ i (y - 

j=o L v / 



• (34) 

j-2-m 



^jih IIpeo6pa30BaHHH IleKapH (x) = 1/2, h, TaKHM o6pa30M, HanncaHHaH BBirne 
cyMMa MoxceT 6bitb BBinncjieHa hbho 

n—m 

C(m) = — . (35) 
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3to noKa3t»iBaeT, hto 3aTyxaHiie Koppejumnii npoiicxo^HT no SKcnoHeHTe c yBejiH- 
HemieM m. KoppejiHrpiii rinpcoHa fljis chctcmm HaxquiiTCH cjie^yiomHM o6pa30M 

r(m) = C(m)/C(0) = T m . (36) 
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